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A B S T R A C T 

A recently reported gravito-electrostatic sheath (GES) model is procedurally applied to study the turbumagnetoactive helioseismic 
oscillation features in the entire bi-fluidic solar plasma system. The bounded solar interior plasma (SIP, internally self-gravitating), 
and the unbounded solar wind plasma (SWP, externally point-gravitating) are coupled through the interfacial diffused solar 
surface boundary (SSB) due to an exact gravito-electrostatic interplay. A numerical platform on the developed theoretic 
formalism reveals the evolution of both dispersive and non-dispersive features of the modified GES mode fluctuations in 

new parametric windows. Different colourspectral profiles exhibit important features of the GES-based SIP–SWP perturbations 
elaborately. It is illustratively shown that the thermostatistical GES stability depends mainly on the radial distance, magnetic 
field, equilibrium plasma density, and plasma temperature. We see that their dispersive features are more pertinently pronounced 

in the self-gravitational domains (SIP) than the electrostatic counterparts (SWP). Besides, different characteristic parameters 
with accelerating (or decelerating) and stabilizing (or destabilizing) effects influencing the entire solar plasma stability are 
illustratively portrayed. We speculate that, in the SIP, the long-wave (gravitational-like) helioseismic fluctuations become highly 

dispersi ve sho wing more propagatory nature than the shorter ones (acoustic-like). The short waves show more propagatory 

propensity than the longer ones in the SSB and SWP regime. The reliability of our proposed investigation is bolstered along 

with the tentative applicability and future scope in light of the current solar observational scenarios, such as SOHO, STEREO, 
SDO, PSP, and SolO. 
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 I N T RO D U C T I O N  

he Sun, like all other living stars in galaxies, is basically a
ounded structure in nature because of its inherent self-gravitational 
onfinement mechanisms against the outward acoustic pressure 
Christensen-Dalsgaard 2002 ; Gurnett et al. 2002 ; Aschwanden 
014 ; Kasper et al. 2021 ). Such processes, leading thereby to the
ysterious development of the solar surface boundary (SSB), are 

et to be well understood from a collective plasma-wall interac- 
ion perspective. It eventually implicates that the plasma boundary 
all-interaction mechanism plays an important role, inhabitable in 
rinciple, for consideration and subsequent actualization in studying 
he solar plasma stability dynamics in a real sense. The intrinsic

agnetic field present in the Sun and its circumambient atmosphere 
cts as a vital energy source and affects all the inherent properties
efining the self-gravitationally confined solar plasma dynamics 
Priest 2014 ; Goutam & Karmakar 2015 ; Brun & Browning 2017 ).
his inhomogeneous magnetic field is internally produced by the 
ollectiv e conv ectiv e circulation dynamo action of the charged 
articles constituting the entire solar plasma system (Narita 2012 ; 
riest 2014 ; Brun & Browning 2017 ). It is noteworthy that the
ntire solar plasma system is actually non-static and non-uniform 
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n nature. There exist a plethora of collective waves, oscillations, 
nd fluctuations in the entire volume of the solar plasma system
Hale et al. 2022 ). These waves influence various inherent solar
lasma parameters. Understanding those solar waves and oscillations 
ould provide a solid diagnostic tool in probing the structural and
ynamical properties of solar interior and atmosphere (Christensen- 
alsgaard 2002 ; Hansen et al. 2004 ; Aschwanden 2014 ; Priest 2014 ;
hattacharya & Hanasoge 2023 ). In this context, probing the solar

nternal structure in light of the collective solar plasma modes and
scillations has developed a growing interest among the astro-plasma 
ommunities. 

The study of diversified helioseismic modes has been one of the
apti v ating topics enabling us to understand the interior structural
roperties of the Sun and its atmosphere. It is already a well-known
act that, helioseismology provides a fine diagnostic interpretation 
f the diverse characteristics of the collective oscillation and wave 
odes, excited in the entire solar plasma system (Christensen- 
alsgaard 2002 ; Hansen et al. 2004 ; Kosovichev 2006a , 1999 ;
schwanden 2014 ; Priest 2014 ; Ambastha 2020 ; Gizon et al. 2021 ).

t has been successful to extract new insights to study the physical
roperties of the solar interior structure mainly. These helioseismic 
aves and oscillations are produced on the SSB due to stochastically

xcited sound waves, generated and trapped inside the solar con- 
 ectiv e zone, resulting from the pressure fluctuations and turbulent
onv ectiv e motions (Kosovichev 2006a ). These waves penetrate the
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olar interior, return to the SSB, and also to the solar exterior. It
ereby registers rele v ant information on the di verse morphodynam-
cal features of the internal structure of the Sun and its complex
nterlayer coupling dynamics (Duvall et al. 1993 ; Kosovichev 2006a ;
mbastha 2020 ; Mani et al. 2022 ). This is because this category of

ollectiv e wav es carries forward an important glimpse about the
asic structural features of the media they pass through collectively.
s a consequence, a thorough decoding analysis of the same in such
ot solar environs throws light to various solar structural aspects,
ong-lying inaccessible directly, in reality, to any kind of direct
xperimental measurements as far as seen widely. 

Three distinct types of collective modes produced by helioseis-
ic activities in the solar plasma system are thermal pressure-

riven acoustic mode (p mode), internal gravity-driven gravity
ode (g mode), and buoyanc y-driv en surface gravity mode (f
ode) (Christensen-Dalsgaard 2002 ; Hansen et al. 2004 ; Kosovichev

006a ; Ambastha 2020 ; Gizon et al. 2021 ). Thus, it is evident that the
estoring factors behind these distinct modes are thermal pressure,
ravitational pressure, and buoyant pressure, respectively. It is
xpedient to mention here that the p - mode amplitude increases from
he SSB outwards; whereas, that of the g mode only inwards against
he SSB towards the core region. In contrast, the f - mode amplitude
s actively dominant only in the SSB region, and not elsewhere.
he p mode gets excited stochastically by the conv ectiv e turbulence
echanism effect beneath the photosphere layer and damped by

adiative losses (Harvey et al. 1996 ; Christensen-Dalsgaard 2002 ;
tix 2002 ; Gizon et al. 2021 ). As a consequence, large-scale plasma
ow energy (gravitational, K → 0; K : Jeans-normalized angular
av enumber, also illustrativ ely e xplained later) gets cascaded col-

ectively to short-scale energy spectrum (electrostatic, K → ∞ ). It
s herewith pertinent to add that the helioseismic p -mode charac-
erization plays an important role to probe the morphodynamics of
he solar interior structure e xtensiv ely. It is against the remaining
odes ( g -, f -) affected technically from observational constraints,

uch as weak modal amplitude and lack of detection resolution
Christensen-Dalsgaard 2002 ; Garc ́ıa & Ballot 2019 ; Gizon et al.
021 ). 
It is worth mentioning here that solar astrophysicists have already

eported several observational studies on the solar 5-min oscillations.
his, in fact, e xplicitly rev eal div ersified resonant modes of acoustic
aves (p-mode spectrum) trav elling (v elocity ∼ 1 . 5 × 10 −1 m s −1 )

rom the SSB to the solar interior towards the centre of the entire solar
lasma mass distribution (Leighton et al. 1962 ; Ulrich 1970 ; Deubner
975 ; Rhodes, Ulrich & Simon 1977 ; Demarque & Guenther 1999 ;
tix 2002 ; Aschwanden 2014 ; Gizon et al. 2021 ). In other words,

t manifests the local acoustic spectral components of the global
-mode phenomenon pressure-excited in the solar plasma system. 
In addition to the abo v e, a fourth cate gory of helioseismic modes,

hich is indeed a hybrid gp mode composed of the g mode (interior)
nd p mode (exterior) coupled via the SSB, could also exist in the sun-
ik e stars aw ay from the main sequence in the Hertzsprung–Russell
HR) diagram (Stix 2002 ; Priest 2014 ; Ambastha 2020 ). Significant
stronomic signatures in support of the existence of such hybrid
odes have been well confirmed by several observational missions,

uch as the VL T -UL TRA CAM, Con vection Rotation and Planetary
ransits space mission (CoRoT), Kepler, and so forth (Garc ́ıa &
allot 2019 ; Aerts 2021 ; Buldgen et al. 2022 ). Ho we ver, remarkable
xplorations in this hybrid gp direction from the weak-amplitude
steroseismic perspective are yet to be carried out precisely. 

Di versified collecti ve modes naturalistically excited by solar
onvection enable astrophysicists to understand the interior dynamics
f the Sun and its atmosphere. A complete identification and
NRAS 523, 5635–5660 (2023) 
haracterization of the solar plasmic modes in the framework of
tandard solar models (SSMs) has still been lying as an open
hallenge. At this emerging backdrop, a highly rele v ant exploration
n this plasma-based helio-physical direction has been the study of
he diversified linear and non-linear modal dynamics of collective
olar plasma fluctuations. The local mode excitation and fluctuation
echanism naturally are due to the intrinsic parametric perturbations

riggered by diverse local mechano-thermic and non-local self-
ravity disturbances (Stix 2002 ; Hansen et al. 2004 ; Aschwanden
014 ; Priest 2014 ; Ambastha 2020 ). 
In the laboratory-produced plasmas, a thin non-neutral space

harge layer, called the plasma sheath, is formed near the plasma-
onfining wall (Chen 1984 ; Bittencourt 2004 ). In order for this sheath
tructure to form, a local criterion on the threshold ionic-flow at
he sheath entrance, termed as the Bohm sheath criterion ( M > 1 ),
s to be fulfilled (Oksuz & Hershkowitz 2005 ; Da v ood Sadatian
 Gharjeh ghiyaei 2021 ). In analogy with the laboratory-bounded

lasma systems, a gravito-electrostatic sheath (GES) structure has
een reported to be formed at the gravitational potential boundary,
alled the SSB, because of widely separated gravitothermal coupling
ffects of the constitutive electrons and ions on the solar plasma
cales (Dwivedi et al. 2007 ; Karmakar et al. 2016 ). According to
his GES model, the entire solar plasma system is divided into two
cales coupled through the diffused SSB (Dwivedi et al. 2007 ) given
s (i) solar interior plasma (SIP, bounded) and (ii) solar wind plasma
SWP, unbounded). 

It is noteworthy that, similar to the laboratory-bounded plasmas,
here exists an equi v alent form of the local Bohm sheath criterion
n the threshold ionic escape velocity ( M ∞ 

≥ √ 

2 ) needed for the
ormation of this quasi-neutral isothermal GES on the solar scales
Karmakar & Dwivedi 2011 ). However, the Bohm sheath criterion
or a far-from thermal equilibrium (i.e. non-thermal) plasma system
as been obtained as: M > [ ( κ − d e,φ + 1 ) /κ] 1 / 2 ; where, d e,φ ( � 1 )
s the number of degrees of freedom of the constitutive electrons,
ependent on the perturbation potential. Here, κ is the non-thermality
pectral (Kappa) index (Li v adiotis 2015 ; Da v ood Sadatian & Gharjeh
hiyaei 2021 ). In non-thermal plasma conditions, 0 < κ < 1. Hence,
e find the ion escape velocity across the gravitational potential
arrier as M ∞ 

≥ √ 

2 . The strength of the self-gravitational potential
all is such that the massive ions (colder) cannot o v ercome it at

he SSB regime. On the other hand, the lighter electrons (hotter)
an escape the SSB potential barrier. As a consequence, there
ccurs a thermal leakage of the electron flow against the ions at
he SSB, thereby developing an electrostatic polarization-induced
strophysical GES. The solar self-gravitational plasmas with radial
ariation of self-gravity exhibit its maximum potential strength at
he SSB zone (Karmakar et al. 2016 ). It is noteworthy that the self-
ravitationally confined solar plasmas are radially inhomogeneous
nd non-uniform in nature due to the presence of diversified inherent
eroth-order microphysical gradient forces against the laboratory
nes (Priest 2014 ; Karmakar et al. 2016 ). 
It is e xtensiv ely seen that the bounded structure formation pro-

esses in astrophysical fluids need a local outward halting support
gainst the inward self-gravitational collapsing force. The fluid tur-
ulence plays an important role in e xciting div erse wav e-fluctuation
atterns responsible for the transport of mass momentum energy
mong constitutive fluid elements (Narita 2012 ). It thereby leads to
he development of hydrostatically bounded equilibrium structures
Stix 2002 ; Hansen et al. 2004 ; Priest 2014 ). It is pertinent to mention
ere that, as the gravitational Poisson equation is time-independent in
nalytic construct; therefore, the Sun and Sun-like stellar structures
emain self-gravitating even after being so formed in a bounded
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onfiguration. As a consequence, the inclusion of turbulence and its 
ffects on the self-gravity action is important in studying the GES-
ased instability dynamics to explore the collective modes excitable 
n the Sun and its ambient complex atmosphere. It has been reported
n an earlier investigation (Goutam & Karmakar 2016 ) in this context
hat, due to the turbumagnetic pressure effects, the sheath width 
ncreases by 5.17% relative to the ideal GES structure. 

A semi-analytical study of non-thermal GES model fluctuation 
ynamics modified by the q-non-e xtensiv e non-thermal electrons and 
on-linear logabarotropic pressure effects has been reported earlier 
Gohain & Karmakar 2018 ). It has shown therein that the lowest order 
ES stability depends e xclusiv ely on the electron–ion temperature 

atio ( T e /T i ) and the radial position coordinate ( ξ ). The damping
ehaviour of the fluctuations is more rele v ant in the acoustic-like
omain than the gravitational one (Gohain & Karmakar 2018 ). 
We have recently employed a polytropic macroscopic state formal- 

sm founded in a bi-fluidic theory describing both the constitutive 
lectrons and ions to explore the GES-based instability featuring the 
agnetoactive solar plasmas in a helioseismic modal prospective 

Das & Karmakar 2022 ). It has systematically applied a normal 
pherical mode analysis without any traditional quasi-classic ap- 
roximation. Ho we ver, it has been restricted to simplified dispersive 
llustrations only in a restricted parametric pattern. The present 
ontribution puts forward a continued GES-centric theoretic study 
n the similar helioseismic modal fluctuations and instabilities. It is 
ourced purely in self-gravitating plasma-wall interaction processes 
n more realistic multiparametric spectral regimes elaborately in the 
ontext of the GES-based solar plasma stability dynamics previously 
emaining fully unaddressed and unexplored. 

A considerable number of solar observations have provided 
ignificant data on collective helioseismic oscillations propagating 
n the solar plasma system. Some main data sets are provided 
y several ground-based networks, such as the Taiwan Oscillation 
etwork (TON), the Global Oscillation Network Group (GONG), 

nd Birmingham Solar Oscillation Network (BiSON; Kosovichev 
999 ; Christensen-Dalsgaard 2002 ; Stix 2002 ; Casanellas et al. 
012 ; Ambastha 2020 ; Gizon et al. 2021 ). Various space telescopes,
ike the Michelson Doppler Imager (MDI) instrument in the SOlar 
nd Heliospheric Orbiter (SOHO) spacecraft launched jointly by 
he European Space Agency (ESA) and the National Aeronautics 
nd Space Administration (NASA); and the Helioseismic and Mag- 
etic Imager (HMI) onboard the NASA-operated Solar Dynamics 
bservatory (SDO) have identified diversified modes of collective 
scillations in the solar surface (Christensen-Dalsgaard 2002 ; Stix 
002 ; Kosovichev 2006a ; Casanellas et al. 2012 ; Ambastha 2020 ;
ohen et al. 2021 ; Gizon et al. 2021 ). The role of plasma instabilities

n shaping the dynamics of solar plasma through magnetoactive ex- 
ansion effects has recently been reported (Kellogg 2022 ). This study
s based on v arious observ ational data source, including the NASA’s
arker Solar Probe (PSP), Solar Terrestrial Relations Observatory 
STEREO), Coordinated Data Analysis Web (CDAWeb), and so 
orth. 

Moti v ated by the abo v e-mentioned scenarios, we dev elop a the-
retic model formalism to investigate helioseismic excitation mode 
nd fluctuation dynamics in the entire magnetoactive GES-based 
olar plasma system. Hence, we implement a spherical normal mode 
nalysis ( ξ � ∞ ) to see the active helioseismic stability features 
ssociated with both the bounded (SIP) and unbounded (SWP) 
cales. In our model, we consider the inclusion of polytropic effect, 
urbumagnetic action, non-planar fluctuations with an exclusion of 
ny kind of conventional quasi-classic approximation judiciously, so 
orth. Our focused key novelty is to formulate GES-based spherical 
ormal mode helioseismic fluctuation dynamic study in a thermal bi- 
uidic model f abric. Unlik e the previously reported planar ( ξ → ∞ )

nvestigations describing a simplified plane-wave approximation 
tudy (Gohain & Karmakar 2018 ), our speculation reveals that the
odified non-planar GES-based helioseismic fluctuations do not 

nly exhibit a traditional radial ( ξ ) dependence. The fluctuations are
lso affected simultaneously by the average solar plasma density 
 n 0 ), magnetic field ( B 0 ), and solar core-to-electron temperature 
atio ( T 0 /T e ) on both the bounded SIP and unbounded SWP scales
ensibly. 

Apart from the introduction part, the structural layout of this 
anuscript is organized in a standard pattern as follows. Section 
 deals with the physical model and mathematical formalism of the
olar plasma system. The SIP and SWP analyses are described in
ections 2.1 and 2.2 , respectively. The results and discussion are de-
icted in Section 3 . The SIP and SWP scale outcomes are illustrated in
ections 3.1 and 3.2 , respectively. The atypical dimensional p-mode 
haracteristic features investigated here are illustratively interpreted 
nd validated in Section 3.3 . Finally, the main conclusions drawn
rom our semi-analytical investigation alongside tentative future 
cope in light of the div ersified e xisting astronomical observations in
 pure helioseismic perspective are summarily presented in Section 4 .

 PHYSI CAL  M O D E L  A N D  FORMALI SM  

e consider a simple bi-fluidic quasi-neutral turbumagnetoactive 
olar plasma system in the spherically symmetric GES-based model 
radial, 1D, reduced degrees of freedom) consisting of mainly ionized 
orm of hydrogen (92%) and helium (8%) (Stix 2002 ; Aschwanden 
014 ; Priest 2014 ). We ignore many other heavy ionic and neutral
pecies, such as α-particles, C, N, O, Fe, etc. It is because of their
oor relative abundance (about 0.01%) in the solar atmosphere (Stix 
002 ; Hansen et al. 2004 ; Priest 2014 ; Ambastha 2020 ). This yields
 simplified analysis to anticipate a dynamical depiction of the 
ntire solar plasma fluctuation mode associated with it. We portray 
 schematic diagram (Fig. 1 ) of the Sun and its circumambient
lasma atmosphere according to (a) SSM and (b) GES for the sake of
omparative conceptualization of the readers. It is depicted that the 
olar surface in the former (SSM) lies in the photosphere layer from
here most of the Sun’s energy is emitted as light; while, the surface

n latter (GES) is defined by the maximization of the solar self-gravity
all strength. The localized solar self-gravitational potential barrier 
ith radial variation of its own acts as a non-rigid enclosure to confine

his quasi-neutral plasma with its maximum strength at the derived 
SB re gime ( ξ ≈ 3 . 5 ) (Dwiv edi et al. 2007 ). The entire solar plasma
ystem, embedded in an inhomogeneous magnetic field, dynamically 
ouples the subsonic bounded SIP and supersonic unbounded SWP 

cales via the interfacial SSB formed under the non-local action of
he long-range gravito-electrostatic force field (Dwivedi et al. 2007 ; 
armakar et al. 2016 ). The constitutive thermal electronic and ionic
uids are coupled via the gravito-electrostatic Poisson formalism on 

he solar plasma scales of space and time. The fluid turbulence effect
rises here due to the o v erlapping of multiple micro-kinematical
cales of the constitutive species (Narita 2012 ; Goutam & Karmakar
016 ). In our model, such fluid turbulence effects are modelled by
he Larson logabarotropic equation of state. The effects of any kind
f non-ideal, gyro-fluidic, and tidal actions are ignored hereby. 
The global quasi-neutral nature ( n e ≈ n i = n ) of the entire solar 

lasma system is justifiably based on the realistic ground that the
symptotic value of the Debye-to-Jeans length ratio is almost zero 
 λD 

/λJ ≈ 10 −20 ∼ 0 ) (Dwivedi et al. 2007 ; Goutam & Karmakar 
015 ). It is noteworthy that after forming via the Jeansean dynamic
MNRAS 523, 5635–5660 (2023) 
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M

Figure 1. Schematic diagram of the Sun and its circumvent atmosphere according to the (a) SSM and (b) GES model. Different concentric constitutive layers of 
the models are depicted separately in a similar footing. The radius of the Sun (photospheric radius) as per the SSM is comparable to the solar surface boundary 
(SSB, solar radius) as per the proposed GES model theory. 
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olecular cloud collapse mechanism, the Sun (SIP) continues to 
emain as a self-gravitating system in nature because of the time- 
ndependent nature of the self-gravitational Poisson equation in 
his non-relativistic approach. This fact strengthens the reliability 
f the gravitational Poisson equation applied in our model and 
ustifiably enables us to employ the Jeansean spatiotemporal scales 
or the adopted standard astrophysical normalization (re-scaling in a 
imensionless form) scheme. 
According to the virial theorem, the outward thermo-electrostatic 

oupling force balances the inward self-gravitational force and 
revents the Sun to undergo further self-gravitational collapse (Stix 
002 ; Priest 2014 ; Brun & Browning 2017 ). It is pertinent to add here
hat the origin of the thermal pressure force lies in the contraction
ffects and that of the electrostatic counterpart is in the collective 
lasma dynamics leading to the Coulombic expansion. Thus, the Sun 
aintains a hydrostatic equilibrium state, thereby retaining its main- 

equence stage. Hence, the self-gravitational subsonic SIP (non- 
ewtonian, non-point source) is bounded by the self-gravitational 
oisson equation. Ho we ver, for the unbounded supersonic SWP scale 
Newtonian, point source), the SIP itself acts as an external gravity 
ource, thereby making the solar self-gravitational Poisson equation 
edundant in this SWP context. 

It is noticeable that most of the astrophysical bounded struc- 
ures and circumambient atmospheres are naturally driven to re- 
rganization by large-scale non-local gravito-electrostatic coupling 
aused by long-range interparticle force exhibiting non-extensivity 
non-Maxwellian) property. Such non-e xtensiv e systems are gov- 
rned by Tsallis thermostatistical framework, which is, indeed, 
 generalization of the Boltzmann–Gibbs (BG) statistics (Jiulin, 
006 , 2007 ; Li v adiotis & McComas, 2009 , 2013 ; Li v adiotis 2015 ;
man-Ur-Rehman & Lee 2018 ). A quasi-statistical equilibrium 

ondition, using the Tsallis q-entropic index, is given as q = 

 + ( 	 ∇ T / 	 ∇ G ); where T and G denote the temperature (in en-
rgy units) and the gravitational potential energy, respectively 
Jiulin, 2006 , 2007 ; Gohain & Karmakar 2018 ). Thus, in the
pecial case, when 	 ∇ T = 

	 0 i.e. at thermalized state with con- 
tant thermodynamic potential, we get q = 1 which reduces the 
hermostatistical distribution function to the well-known Maxwell–
oltzmann (MB) statistics (Jiulin 2006 ; Li v adiotis & McComas
009 ; Aman-Ur-Rehman & Lee 2018 ). In collisionless space plas-
as, in addition to the Tsallis q-non-e xtensiv e distribution, there 

xists another pertinent non-thermal thermostatistical distribution 
alled the Kappa distribution ( κ) to go v ern the non-Maxwellian
uprathermal behaviour of the constitutive particles (Livadiotis & 

cComas, 2009 , 2013 ; Li v adiotis 2015 ). The thermal Maxwellian
istribution actually is a special case of the Kappa distribution 
n the asymptotic limiting case of κ → ∞ (Rubab & Murtaza 
006 ; Li v adiotis & McComas, 2009 , 2013 ; Li v adiotis 2015 ). The
ntropic index q (used in non-e xtensiv e statistics) and the non-
hermality spectral (Kappa) index κ (used in astrospace inho- 

ogeneous plasmas) hold a suitable relationship under the inter 
ransformational equation (Li v adiotis & McComas, 2009 , 2013 ; 
i v adiotis 2015 ; Aman-Ur-Rehman & Lee 2018 ) as κ = 1 / ( q − 1 )
r, q = 1 + ( 1 /κ ). In a non-Maxwellian Kappa modified plasma
odel, the Debye length differs from the traditional Debye length 
hich is valid only in the Maxwellian plasmas. The standard 

elation between the Kappa modified Debye length ( λDκ ) and 
he Maxwellian Debye length ( λD 

) is cast (Rubab & Murtaza 
006 ) as λDκ = λD 

[ ( κ − 1 . 5 ) / ( κ − 0 . 5 ) ] 1 / 2 . Applying the well- 
nown κ − q transformation equation as mentioned earlier, we 
btain the equi v alent Debye length equation in q-form as λDq =
D 

[ ( 2 . 5 − 1 . 5 q ) / ( 2 − 0 . 5 q ) ] 1 / 2 . 
It is well-known that astrophysical plasmas, including the entire 
olar plasma system, exhibit polytropic behaviour, go v erned by 
 generalized polytropic equation of state. The polytropism is 
ncorporated through a specific mathematical relationship between 
he plasma fluid density and temperature in a hydrostatic equilibrium 

onfiguration (Hansen et al. 2004 ; Priest 2014 ). Hence, we employ
 simple polytropic equation of state for the ef fecti ve pressures,
 = K p ρ

γ = K p ρ
( 1 + n −1 

p ) ; where, K p denotes the polytropic con-
tant, γ = 5 / 3 denotes the polytropic exponent, and n p = ( γ − 1 ) −1 

enotes the corresponding polytropic index (Hansen et al. 2004 ; 
arita 2012 ; Priest 2014 ; Vidotto 2021 ). Moreo v er, the activ e

urbulence pressure, present in the solar plasma system, is given 
y a logabarotropic equation of state, p turb = p 0 log ( ρ/ρc ); where
 0 is the mean (equilibrium) pressure (thermal), ρ denotes the 
aterial volumetric density, and ρc represents its heliospheric core 

alue (Vazquez-Semadeni et al. 1998 ; Narita 2012 ). The effects
f polytropic, turbulent (logabarotropic), and magnetic pressures 
onjointly act on the complex solar plasma system towards the 
e-organization of a new equilibrium set-up to be well understood 
Goutam & Karmakar 2016 ). 

To carry out our scale-free calculation scheme, various standard 
ignificant notations and symbols associated with the adopted stan- 
ard normalization scheme (Christensen-Dalsgaard 2002 ; Goutam & 

armakar 2016 ; Gohain & Karmakar 2018 ) are given in Appendix A .
Applying all the customary notations and symbols from Appendix 
 pertinent to the helio-plasma dynamics (Dwivedi et al. 2007 ;
ohain & Karmakar, 2015 , 2018 ; Goutam & Karmakar 2016 ), we de-

cribe our adopted standard astrophysical normalization scheme with 
ll the usual Jeansean notations and significances in Appendix B . 

The entire solar plasma system is go v erned by the continuity
quation, momentum equation, electromagnetic induction equation, 
elf-gravitational Poisson equation (for SIP only), and electrostatic 
oisson equation (Dwivedi et al. 2007 ). Thus, the basic set of the
o v erning equations in unnormalized form are cast with all the
ustomary notations, respectively, as 

 t n e ( i ) + 

	 ∇ · (
n e ( i ) 	 v e ( i ) 

) = 0 , (1) 

 e ( i ) n e ( i ) 

[ 
∂ t 	 v e ( i ) + 

(
	 v e ( i ) · 	 ∇ 

)
	 v e ( i ) 

] 
= q e ( i ) n e ( i ) 	 E − 	 ∇ p e ( i ) T 

+ m e ( i ) n e ( i ) 	 g , (2) 

 t 
	 B = 

	 ∇ ×
(

	 v e ( i ) × 	 B 

)
, (3) 

 

2 ψ = 4 πGρ, (4) 

 

2 φ = − ρq /ε0 = e ( n e − n i ) /ε0 (5) 

The generalized unnormalized forms of the abo v e equations 
equations 1 –5 ) in the radial (1D) form with all the usual notations
or the spherically symmetric GES-based solar plasma description 
an be recast, respectively, as 

 t n e ( i ) + ( r −2 ) ∂ r 
(
r 2 n e ( i ) v e ( i ) 

) = 0 , (6) 

 e ( i ) n e ( i ) ∂ t v e ( i ) = − q e ( i ) n e ( i ) ∂ r φ − ∂ r p e ( i ) T − m e ( i ) n e ( i ) ∂ r ψ, (7) 

 az ∂ r v e ( i ) + r −1 B az v e ( i ) = −∂ t B az , (8) 

 

2 
r ψ + 2 r −1 ∂ r ψ = 4 πGm i n i , (9) 

 

2 
r φ + 2 r −1 ∂ r φ = eε−1 

0 ( n e − n i ) (10) 
MNRAS 523, 5635–5660 (2023) 
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As already mentioned, all the notations used in the abo v e set
f equations are generic. ∂ t( r) denotes here the partial differentiation
perator with respect to time (distance). It could be further mentioned
hat only the azimuthal component of the solar magnetic field is
onsidered in our proposed calculation scheme. 

Applying the rele v ant astrophysical normalization scheme (Ap-
endix B ), we now proceed systematically to present our GES-
ased helioseismic analyses for both the subsonic SIP (bounded)
nd supersonic SWP (unbounded) scales separately. 

.1 The SIP scale analysis 

he self-gravitationally bounded SIP configuration is considered as
 weakly magnetized collisional plasma system go v erned by the
ell-known set of the Jeans-normalized helio-structuring equations

Goutam & Karmakar 2015 ). The same set of the SIP equations
equations 1 –5 ) in the normalized form are reproduced and cast,
espectively, as 

 τN e ( i ) + M e ( i ) ∂ ξN e ( i ) + N e ( i ) ∂ ξM e ( i ) + ( 2 /ξ ) N e ( i ) M e ( i ) = 0 , (11) 

 τM e ( i ) = s∂ ξ� − N 

−1 
e ( i ) ∂ ξN e ( i ) 

[
1 + εT 0 N 

−1 
e ( i ) 

]
−N 

−1 
e ( i ) α B 

∗
az ∂ ξB 

∗
az − ∂ ξ�, (12) 

 

∗
az 

(
∂ ξM e ( i ) + ξ−1 M e ( i ) 

) + ∂ τB 

∗
az = 0 , (13) 

 

2 
ξ � + 2 ξ−1 ∂ ξ� = N i , (14) 

 λD 

/λJ ) 
2 
[
∂ 2 ξ � + 2 ξ−1 ∂ ξ� 

] = N e − N i = 0 (15) 

In equation ( 12 ), the term s denotes the electrostatic polarity
hase factor with values s = + 1 (for electrons) and s = −1 (for
ons). εT 0 = T 0 /T e represents the solar core-to-electron temperature
atio. The ( 2 /ξ )-term originates due to the consideration of spherical
eometry ( ξ � ∞ ); which would, otherwise, be absent in the case
f plane parallel geometry ( ξ → ∞ ). This term causes a decrease
n the ion density flux radially outwards. This happens because the
adial distance ( ξ ) increases with the intervening surface area of the
pherical surfaces. This effect is termed as the ‘geometrical curvature
ffect’ in the solar plasma flow dynamics (Karmakar et al. 2016 ). We
ave already mentioned the fact that the solar plasma system exhibits
lobal quasi-neutrality behaviour ( N e ≈ N i = N ) in nature, which,
ndeed, is clearly evident from the electrostatic Poisson equation for
he potential distribution (equation 15 ). 

The main source of the collective helioseismic disturbances
xcited in the entire solar plasma system is attributable to the
iversified myriad acoustic waves, originated and trapped in the
urbulent convection zone, located just beneath the solar surface
n the purview of the standard solar models (Stix 2002 ; Priest
014 ; Ambastha 2020 ). Probing the solar interior morphostructure
iagnostically through the solar asteroseismology (helioseismology)
itherto is concentrated on the study of the diversified normal mode
requencies of the collective solar oscillations (Duvall et al. 1993 ;
hristensen-Dalsgaard 2002 ). These eigenmodes associated with

he Sun and its surrounding atmosphere behave as standing wave
atterns, confined within a resonant cavity, bounded by the solar
urf ace. The w a ve propagation depth of the so-formed solar ca vity
esonator is purely subject to the wavenumbers and the frequencies
f the spectral eigenmode oscillations in the system (Christensen-
alsgaard 2002 ; Mani et al. 2022 ). 
The goal here is to study the GES-based helioseismic instability

ynamics of the entire spherically symmetric solar plasma volume.
NRAS 523, 5635–5660 (2023) 
o polar and azimuthal counterparts are considered herein for the
ake of simplicity. It applies a local (linear) spherical (radial) normal
ode perturbation (small amplitude) analysis (Karmakar et al. 2016 ;
ohain & Karmakar 2018 ; Das & Karmakar 2022 ) against the well-
efined hydrostatic homogeneous equilibrium configuration in the
ustomary symbolism as 

 ( ξ, τ ) = F 0 + F 1 ( ξ, τ ) , (16) 

 = 

[
N e N i M e M i � � B 

∗
az 

]T 
, (17) 

 0 = [ 1 1 0 0 0 0 1 ] T , (18) 

 1 = 

[
N e1 N i1 M e1 M i1 � 1 � 1 B 

∗
az1 

]T 
(19) 

Here, F 0 denotes the set of non-perturbed (equilibrium) values
f the rele v ant solar plasma parameters. F 1 ( ξ, τ ) ∼ ( 1 /ξ ) e −i( �τ−Kξ ) 

epresents the corresponding perturbations arising due to the helio-
eismic effects. Here, F 1 ( ξ, τ ) is also called the Eulerian pertur-
ation at a given spatial point (Christensen-Dalsgaard 2002 ). This
onsidered non-planar perturbations evolve as restricted spherical
aves with the Jeans-normalized angular frequency � and the

eans-normalized angular wavenumber K . Equation ( 16 ) enables
s to transform the direct coordination space ( ξ, τ ) into the re-
iprocal Fourier space ( K, �). It leads to commensurable trans-
ormation of linear differential operators from the direct radial
oordinates to the inv erted wav e coordinates as ∂/∂τ → −i�,

/∂ ξ → ( iK − 1 /ξ ) , and ∂ 2 /∂ ξ 2 → ( 2 /ξ 2 − K 

2 − 2 iK /ξ). An or-
erly application of equations ( 16 )–( 19 ) in equations ( 11 )–( 15 ) in the
 ξ, τ )-space results in their corresponding algebraic versions on the
ele v ant physical perturbation in the ( K, �)-space cast, respectively,
s 

 e1 ( i1 ) 

(
iK + ξ−1 

) − i �N e1 ( i1 ) = 0 , (20) 

�M e1 ( i1 ) = 

(
iK − ξ−1 

)
× [

s� 1 + N e1 ( i1 ) + εT 0 N e1 ( i1 ) + αB 

∗
az1 + � 1 

]
, (21) 

B 

∗
az1 = M e1 ( i1 ) K, (22) 

 1 = −N i1 /K 

2 , (23) 

 e1 = N i1 (24) 

Equations ( 20 )–( 24 ) describe the oscillation due to helioseismic
erturbation on the self-gravitationally bounded SIP scale. Perform-
ng the elimination procedure, equations ( 20 )–( 24 ) finally decouple
nto a linear generalized quadratic dispersion relation in the Fourier
pace ( K, �) for the SIP fluctuation dynamics cast with all the
eneric notations as 

2 = ( K 

2 + ξ−2 ) 
[
1 + εT 0 + αK ( K 

2 + ξ−2 ) 
−1 

( K + iξ−1 ) − K 

−2 
]
(25) 

Using composite frequency � = ( �r + i�i ) in equation ( 25 )
nd following quadratic equation solving method, we obtain the
eal (normal and regular) and imaginary (perturbed and irregular)
requency parts characterizing the GES-based SIP instability modes,
espectively, as 

r ( ξ, K ) = 2 −1 / 2 
[ 
χ + 

(
χ2 + α2 K 

2 ξ−2 
)1 / 2 

] 1 / 2 
, (26) 

i ( ξ, K ) = −2 −1 / 2 
[ 
−χ + 

(
χ2 + α2 K 

2 ξ−2 
)1 / 2 

] 1 / 2 
; (27) 
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here 

( ξ, K ) = 

(
K 

2 + ξ−2 
) [ 

1 + εT 0 + αK 

2 
(
K 

2 + ξ−2 
)−1 − K 

−2 
] 

. 

(28) 

Equations ( 26 )–( 27 ) explicitly show that our proposed non-planar
urbumagnetoactive bi-fluidic GES-based SIP stability dynamics sig- 
ificantly depends on the Jeans normalized radial distance ( ξ ) , solar
ore-to-electron temperature ratio ( εT 0 ), and the magneto-thermal 
ressure coupling constant or magneto-thermal pressure coupling 
arameter ( α). The no v elty of our study is multidimensionally
ustifiable due to the inclusion of all these significant terms and 
actors in the basic model set-up. It especially deals with various 
-scenarios in our spherical wave analysis in diversified thermal 
onfigurations. This proposed investigation clearly differs from the 
reviously reported solar stability analyses founded on the plane 
eometry consideration justified with the help of the conventional 
uasi-classic asymptotic approximation of the parametric fluctua- 
ions (Gohain & Karmakar 2018 ). 

An exact analytical shape matching with the pre-reported planar 
nalysis based on the plane-wave ( ξ → ∞ ) approximation (Gohain 
 Karmakar 2018 ) concretizes the reliability of our derived non- 

lanar ( ξ � ∞ ) GES-based SIP dispersion relation (equation 25 ). 

.2 The SWP scale analysis 

t is well known that the hot solar corona generates suprathermal 
igh energetic particles. The solar wind is the continuous supersonic 
utflow of completely ionized gas i.e. plasmas, streaming away 
rom the solar corona (Parker 1958 ; Stix 2002 ; Priest 2014 ). The
WP is an unbounded collisionless magnetized turbulent plasma 
ystem that excites plasma microinstabilities because of its transition 
rom collision-dominated (SIP-region) to collisionless behaviour and 
xhibits a large number of collective plasma oscillation phenomena 
Dwivedi et al. 2007 ; Priest 2014 ). In this unbounded SWP scale, the
elf-gravity is switched off and get transformed to external gravity 
s the SIP plays as an external Newtonian point source. This yields
n the redundance of the gravitational Poisson equation in SWP 

cale (Dwivedi et al. 2007 ; Karmakar & Dwivedi 2011 ; Goutam
 Karmakar 2016 ). Therefore, the rele v ant normalized electron(ion) 
omentum equations go v erning the SWP dynamics are orderly given 
ith all the generic notations as 

 τM e ( i ) = s∂ ξ� − N 

−1 
e ( i ) ∂ ξN e ( i ) 

[
1 + εT 0 N 

−1 
e ( i ) 

]
−αB 

∗
az N 

−1 
e ( i ) ∂ ξB 

∗
az − a 0 ξ

−2 . (29) 

Here, the term a 0 = GM �/c 2 s λJ = 95 is used as a normalization
oefficient which provides an estimated measurement of SWP 

emperature. All the other remaining equations (continuity, magnetic 
nduction, and electrostatic Poisson) describing the SWP constitutive 
pecies have the same mathematical form as derived earlier in the 
ase of SIP scale. 

Applying the same Fourier transformation method and equations 
 16 )–( 19 ), we obtain the same set of algebraic expression (as equa-
ions 20 , 22 , and 24 ) in the ( K, �)-space describing the linear
erturbation features of the SWP dynamics. The SWP momentum 

quations (equation 29 ) with the rele v ant linear perturbations is
eproduced and cast as 

�M e1 ( i1 ) = 

(
iK − ξ−1 

) [
s� 1 + N e1 ( i1 ) + εT 0 N e1 ( i1 ) + αB 

∗
az1 

]
+ 2 a 0 ξ

−2 N e1 ( i1 ) . (30) 

Employing the same elimination and decoupling method o v er the 
erturbed equations go v erning the unbounded SWP stability dy- 
amics, we derive a linear generalized quadratic dispersion relation 
escribing the oscillation features of the SWP scale cast as 

2 = 

(
K 

2 + ξ−2 
) [ 

1 + εT 0 + αK 

(
K 

2 + ξ−2 
)−1 (

K + iξ−1 
)] 

−2 a 0 ξ
−2 

(
iK + ξ−1 

)
. (31) 

Applying � = ( �r + i�i ) in equation ( 31 ) and performing the
ame root-finding method, we obtain the pertinent set of roots 
 �r , �i ) presented, respectively, as 

r ( ξ, K ) = 2 −1 / 2 

[
ζ + 

{ 

ζ 2 + 

(
αK ξ−1 − 2 a 0 K ξ−2 

)2 
} 1 / 2 

]1 / 2 

, 

(32) 

i ( ξ, K ) = −2 −1 / 2 

[
−ζ + 

{ 

ζ 2 + 

(
αK ξ−1 − 2 a 0 K ξ−2 

)2 
} 1 / 2 

]1 / 2 

; 

(33) 

here 

= 

[ (
K 

2 + ξ−2 
){ 

1 + εT 0 + αK 

2 
(
K 

2 + ξ−2 
)−1 

} 

− 2 a 0 ξ
−3 

] 
. 

(34) 

It is observed from equations ( 32 ) and ( 33 ) that the turbumag-
etoactive GES-based SWP stability features depends mainly on 
he Jeans normalized radial distance ( ξ ) , solar core-to-electron 
emperature ratio ( εT 0 = T 0 /T e ), and the magneto-thermal pressure 
oupling constant ( α) in an analogous fashion as we found previously
or the case of SIP regime as well. 

In a similar way, the validation of our non-planar ( ξ � ∞ ) GES-
ased SWP dispersion relation is justifiably concretized with an 
xact analytic shape-matching method with the previously reported 
lanar analysis grounded on the well-known plane-wave ( ξ → ∞ ) 
pproximation (Gohain & Karmakar 2018 ). 

 RESULTS  A N D  DI SCUSSI ON  

he helioseismic oscillation features of the turbumagnetoactive GES- 
ased bi-fluidic SIP and SWP regimes are analytically developed. 
wo distinct sets of basic go v erning equations in normalized form
re formulated for both the bounded subsonic SIP and unbounded 
upersonic SWP scales. Employing non-planar perturbation analysis, 
 pair of generalized quadratic dispersion relations is obtained 
or both the SIP (equation 25 ) and SWP (equation 31 ) scales. In
ur analysis, instead of the quasi-classic short-wavelength plane- 
ave approximation ( Kξ 
 1 , or ξ 
 λ) as reported earlier (Go- 
ain & Karmakar 2018 ), we carry out GES-centric spherical wave
erturbation analysis. As already mentioned, the quasi-linear bi- 
cale relationship is structurally and analytically established through 
he coupling via the long-range non-local GES force field action 
Dwivedi et al. 2007 ; Karmakar & Dwivedi 2011 ; Goutam &
armakar 2016 ; Karmakar et al. 2016 ; Gohain & Karmakar 2018 ). In
ther words, this autocoupling arises as the solar interior self-gravity 
non-Newtonian) converts into an external point gravity source 
Newtonian) via the diffused interfacial SSB. Both the dispersion 
elations are theoretically and numerically analysed in the framework 
f expedient set of input v alues rele v ant to the solar plasma system.
ncorporating other rele v ant suitable solar parameters, we obtain 
raphical colourspectral profiles (Figs 2 –28 ) of collective helioseis- 
ic waves on both the SIP and SWP spatiotemporal regimes. We

ow proceed to the analytic discussions of the stability features on
oth the bounded SIP and unbounded SWP scales elaborately. 
MNRAS 523, 5635–5660 (2023) 
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Figure 2. Colourspectral profile of the Jeans-normalized real frequency ( �r ) and imaginary frequency ( �i ) jointly with variation in the Jeans-normalized radial 
distance ( ξ ) and the Jeans-normalized angular wavenumber ( K) associated with the SIP fluctuation dynamics. 

Figure 3. Profile of the Jeans-normalized imaginary frequency part ( �i ) with variation in the Jeans-normalized radial distance ( ξ ) for different indicated values 
of Jeans-normalized angular wavenumber ( K) associated with the SIP fluctuation dynamics. 
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.1 SIP stability outcomes 

he Jeans-normalized real frequency part ( �r ) and imaginary
requency part ( �i ) expressed, respectively, in equations ( 26 ) and
 27 ) are numerically analysed in detail. Using the suitable input
 alues rele v ant to the SIP scale, we obtain graphical patterns of
he SIP stability features as portrayed in Figs 2 –13 . In Fig. 2 , we
epict the colourspectral profile of the Jeans-normalized real ( �r )
nd imaginary ( �i ) frequencies with the variation in the Jeans-
ormalized radial distance ( ξ ) from the centre of the entire SIP
ass distribution outwards and associated Jeans-normalized angular
NRAS 523, 5635–5660 (2023) 

n  
avenumber ( K). The magneto-thermal pressure coupling constant
s kept fixed here at α = 1 . 25. We also fix the input values of the
olar core and SIP electron temperatures (in energy units), assuring
n exact hydrostatic force balancing in order to form the SSB,
espectively, as T 0 = 10 3 eV and T e = 10 2 eV (Dwivedi et al. 2007 ;
outam & Karmakar 2016 ); thereby, adopting the solar core-to-
IP electron temperature ratio as εT 0 = T 0 /T e = 10 3 / 10 2 = 10. It is
learly observed that near the vicinity of the solar core ( ξ ∼ 0 ) for
 ≤ 40 (i.e. for longer waves), the SIP fluctuations show dispersive

ature; while, be yond that re gion, it becomes purely acoustic-like
on-dispersive in nature. It is well confirmed by the real linear
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Figure 4. Profile of the Jeans-normalized (a) real frequency ( �r ) and (b) imaginary frequency ( �i ) with variation in the Jeans-normalized angular wavenumber 
( K) for different indicated values of the magneto-thermal pressure coupling constant ( α) associated with the SIP fluctuation dynamics. 

Figure 5. Profile of the Jeans-normalized (a) real frequency ( �r ) and (b) imaginary frequency ( �i ) with variation in the Jeans-normalized angular wavenumber 
( K) for different indicated values of the solar core-to-electron temperature ratio ( εT 0 ) associated with the SIP fluctuation dynamics. 

Figure 6. Profile of the Jeans-normalized (a) real frequency ( �r ) and (b) imaginary frequency ( �i ) with variation in the Jeans normalized radial distance ( ξ ) 
for different indicated values of the magneto-thermal pressure coupling constant ( α) associated with the SIP fluctuation dynamics. 
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ispersion relationship �r = f ( K). It is also found that, beyond the
ore region ( ξ > 0 . 1 ), �r remains constant with ξ . It signifies that, in
he SIP regime, the helioseismic fluctuations show stable oscillatory 
ropagation. In contrast, the �i -magnitude decreases (i.e. damping 
ate decreases) in the ξ -space as we go outwards from the centre of
he entire SIP mass distribution indicating instability propensity of 
he oscillations (Fig. 2 ). 

In Fig. 3 , we portray the profile of �i with variation in ξ for
ifferent indicated values of K associated with the SIP fluctuation 
ynamics. It illustrates the damping features of the SIP oscillations. It
s interestingly seen that, near the solar core ( ξ < 0 . 4), the damping
ate of the shorter wavelength fluctuations (acoustic-like) is much 
ore prominent than that of the longer wavelength (gravitational- 

ike) ones. These collective waves, oscillations, and fluctuations are 
ound to be more damped near the solar core than in the outward
adial zones exhibiting the SIP fluctuations away from the core region
Fig. 3 ). 

Fig. 4 displays the profiles of (a) �r and (b) �i with variation in
 for dif ferent v alues of α (e.g. α = 0 . 50 , 1 . 25 , 2 . 00) for the SIP
uctuation dynamics on the Jeans spatial scale at the SSB region
 ξ ∼ 3 . 5 ). It is seen that, at the SSB, the SIP perturbations show
 non-dispersive acoustic-like nature holding a linear relationship 
MNRAS 523, 5635–5660 (2023) 
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Figure 7. Profile of the Jeans-normalized (a) real frequency ( �r ) and (b) imaginary frequency ( �i ) with variation in the Jeans normalized radial distance ( ξ ) 
for different indicated values of the solar core-to-electron temperature ratio ( εT 0 ) associated with the SIP fluctuation dynamics. 

Figure 8. Profile of the gradient scale length of (a) real frequency ( L �r ) and (b) imaginary frequency ( L �i 
) with variation in the Jeans-normalized angular 

wavenumber ( K) for different indicated values of the magneto-thermal pressure coupling constant ( α) associated with the SIP fluctuation dynamics. The 
microphysical portrayal of the associated transitional behaviours is enlarged in the respective insets. 

Figure 9. Profile of the gradient scale length of (a) real frequency ( L �r ) and (b) imaginary frequency ( L �i 
) with variation in the Jeans-normalized 

angular wavenumber ( K) for different indicated values of the solar core-to-electron temperature ratio ( εT 0 ) associated with the SIP fluctuation dynamics. 
The microphysical portrayal of the associated transitional behaviours is enlarged in the respective insets. 
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iven as �r = f ( K) for both the short- and long-wave fluctuations
Fig. 4 (a)). This kind of non-dispersive characteristics of helioseismic
uctuations arises in the SIP region due to the joint action of non-

inear polytropic pressure and strong self-gravitational effects. It
s also found that �r increases less rapidly as α increases, and
ice versa. It implies that α works as an accelerating agent for the
IP fluctuations to propagate. Moreo v er, it also signifies that the
verage SIP magnetic field, plasma density, and electron temperature
ffect the SIP fluctuation behaviour. However, the growth rate, �i ,
s almost uniform; thereby, showing no damping with variation in
NRAS 523, 5635–5660 (2023) 
 (Fig. 4 (b)). It is also noticeable that the magnitude of �i shows
 sharp enhancing tendency as the α-value increases and vice versa
nder the non-local gravito-electrostatic action. It indicates that α
lays as a stabilizing factor to this GES-based fluctuations. In other
ords, one can add herein that, the plasma- β parameter plays the

ole of a destabilizer (decelerating agent) on the SIP regime of the
 xcited collectiv e fluctuations and oscillations (Fig. 4 (b)). 

In a similar way, Fig. 5 depicts the same as in Fig. 4 , but for differ-
nt indicated values of the solar core-to-electron temperature ratio
e.g. εT 0 = 5 , 10 , 15). It is implicitly noticeable that �r increases
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Figure 10. Profile of the growth per cycle ( �i /�r ) with variation in the Jeans-normalized angular wavenumber ( K) for different indicated values of the 
magneto-thermal pressure coupling constant ( α) associated with the SIP fluctuation dynamics. 

Figure 11. Profile of the growth per cycle ( �i /�r ) with variation in the Jeans-normalized angular wavenumber ( K) for different indicated values of the solar 
core-to-electron temperature ratio ( εT 0 ) associated with the SIP fluctuation dynamics. 
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apidly as the temperature increases, and vice versa (Fig. 5 (a)). It
ndicates that temperature plays as an accelerating agent increasing 
he group velocity ( d �r /d K ) of the collectiv e wav es on the SIP
cale. Moreo v er, it is also observed that the group velocity of long
av es has v ery slo w v ariation with εT 0 than that of the shorter ones.

t could be noticeable that the growth rate of the fluctuations remains
lmost unchanged with K for constant temperature (Fig. 5 (b)). It
ignifies stable oscillatory propagation of the collective oscillations 
t the SSB. Furthermore, it is seen that the damping rate of the
uctuations sharply decreases as temperature increases implying the 

nstability propensity of the SIP fluctuations (Fig. 5 (b)). 
In Fig. 6 , we exhibit the profile structure of (a) �r and (b)
i with variation in ξ for different indicated α-values associated 
ith the SIP fluctuation dynamics. We keep the K-value fixed at 
 = 20. It is clearly observed that, near the solar core, the SIP

ollective fluctuations have very high �r -value, thereby indicat- 
ng its strong propagatory nature. As a consequence, beyond this 
one, the fluctuations show stable propagatory nature (Fig. 6 (a)). 
t is also seen that �r has a slow enhancement nature with
ncrease in the α-v alue. Ho we ver, for ξ < 0 . 5, the �i -magnitude
ncreases very rapidly with the increasing α. It hereby indicates 
he stabilizing role of α on the collective SIP fluctuation dynamics 
Fig. 6 (b)). 

As in Fig. 7 , we depict the same as Fig. 6 , but for the different
ndicated εT 0 -values. It shows that �r increases very rapidly with 
n enhancement in the εT 0 -value. It herewith indicates that the 
emperature plays the role of accelerating agent on the GES-based 
uctuations (Fig. 7 (a)). It is also seen that, for ξ < 1, the damping
ate decreases rapidly with εT 0 . It signifies the destabilizing role of
he temperature on the SIP fluctuations dynamics (Fig. 7 (b)). 

In Fig. 8 , we show the profile of the gradient scale length of (a) real
requency ( L �r 

) and (b) imaginary frequency ( L �i 
) with variation
MNRAS 523, 5635–5660 (2023) 
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Figure 12. Profile of the parametric fluctuation of different perturbed variables with variation in the Jeans-normalized angular wavenumber ( K) associated with 
the SIP fluctuation dynamics. 

Figure 13. Same as Fig. 12 , but in the extended K-space (high- K) on the logarithmic scale. 

i  

fl  

m  

s  

�

i  

I  

(  

g  

v  

t  

i  

s  

v  

t  

i  

t  

v  

i  

w
s  

i  

s
 

v  

T
w  

I  

B  

I  

L  

a
 

w  

S  

w  

t  

w  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/doi/10.1093/m
nras/stad1664/7190640 by Tezpur U

niversity user on 30 June 2023
n K for the different indicated α-values associated with the SIP
uctuation dynamics. The respective zoomed-in subplots depict the
icrophysical details of the collectiv e wav es. The growth gradient

cale length is given as L �r( i) = [ ( 1 /�r( i) )( d �r( i) /d K ) ] −1 ; where
r( i) = real (imaginary) Jeans-normalized frequency and d �r( i) /d K 

s the growth gradient or group velocity of the collective waves.
t is obvious from Fig. 8 (a) that for very long-wave fluctuations
 K ∼ 0 ), L �r 

tends to become zero ( L �r 
→ 0 ), that means the

rowth gradient or group velocity of the collective waves becomes
ery high ( d �r /d K → ∞ ). Up to K = 0 . 2, L �r 

increases with
he increase of K-value. It shows a decreasing propensity with the
ncreasing value of K up to K = 0 . 3. Beyond this scale, for the
hort-wave fluctuations, it is found interestingly that L �r 

increases
ery sharply with K which is due to the rapid increase of �r -value of
he collectiv e wav es. Moreo v er, it is observ ed that L �r 

shows a slight
ncreasing tendency as α-value increases (Fig. 8 (a)). It is noticeable
hat for long-wave fluctuations, up to K = 10, L �i 

has almost no
ariation with K (Fig. 8 (b)). Beyond that region, its magnitude
ncreases gradually lowering the group velocity of the collective
NRAS 523, 5635–5660 (2023) 
aves. Furthermore, it is seen that for short-wave fluctuations, L �i 

hows a sharp enhancing tendency as α increases. The L �i 
-values

n our analysis are rescaled by multiplying with 10 −7 for the sake of
implicity of graphical analysis. 

Fig. 9 portrays same features as shown in Fig. 8 , but for different
alues of εT 0 . It is found that L �r 

increases sharply with K-value.
his sharp increasing is due to the very rapid enhancement of �r 

ith K (Fig. 9 (a)). Moreo v er, L �r 
has almost no variation with εT 0 .

t is noticeable that, up to K = 20, the L �i 
-value is almost zero.

eyond this zone, we can see variation of L �i 
with K (Fig. 9 (b)).

t is also observed that L �i 
shows atypical variation with εT 0 . The

 �i 
-values are rescaled by multiplying with 10 −6 for the sake of

nalytical simplicity without any loss of generality. 
In Fig. 10 , we depict the profile of the growth per cycle ( �i /�r )

ith variation in K for different α-values associated with the
IP fluctuation dynamics. It is interestingly found that very long-
ave fluctuations ( K ∼ 0 ) have comparatively higher �i /�r -values,

hereby showing dissipative features. As the K-value increases, the
ave shows more propagating propensity; thereby decreasing the
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Figure 14. Colourspectral profile of the Jeans-normalized real frequency ( �r ) and imaginary frequency ( �i ) jointly with variation in the Jeans-normalized radial 
coordinate ( ξ ) and the Jeans-normalized angular wavenumber ( K) associated with the SWP fluctuation dynamics (subplot a). The zoomed-in microphysical 
details are depicted adjacently (subplot b). 

Figure 15. Profile of the Jeans-normalized imaginary frequency part ( �i ) with variation in the Jeans-normalized radial distance ( ξ ) for different indicated 
values of Jeans-normalized angular wavenumber ( K) associated with the SWP fluctuation dynamics. 

Figure 16. Profile of the Jeans-normalized (a) real frequency ( �r ) and (b) imaginary frequency ( �i ) with variation in the Jeans-normalized angular wavenumber 
( K) for different indicated values of the magneto-thermal pressure coupling constant ( α) associated with the SWP fluctuation dynamics. 
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Figure 17. Profile of the Jeans-normalized (a) real frequency ( �r ) and (b) imaginary frequency ( �i ) with variation in the Jeans-normalized angular wavenumber 
( K) for different indicated values of the solar core-to-electron temperature ratio ( εT 0 ) associated with the SWP fluctuation dynamics. 

Figure 18. Profile of the Jeans-normalized (a) real frequency ( �r ) and (b) imaginary frequency ( �i ) with variation in the Jeans normalized radial distance ( ξ ) 
for different indicated values of the magneto-thermal pressure coupling constant ( α) associated with the SWP fluctuation dynamics. 

Figure 19. Profile of the Jeans-normalized (a) real frequency ( �r ) and (b) imaginary frequency ( �i ) with variation in the Jeans normalized radial distance ( ξ ) 
for different indicated values of the solar core-to-electron temperature ratio ( εT 0 ) associated with the SWP fluctuation dynamics. 
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agnitude of �i /�r with increasing K . Furthermore, for shorter
av e, be yond K > 40, we see very slo w v ariations and stable
ropagation behaviour. It is also seen that there exists a critical
avenumber at K = 10 which separates the fast and slow varia-

ions of the collectiv e wav e fluctuations. Moreo v er, as the α-value
nhances, �i /�r shows an increasing tendency . Hereby , we can
nticipate that the dissipative nature of the collectiv e wav es enhances
ith the α-value (Fig. 10 ). 
NRAS 523, 5635–5660 (2023) 
Fig. 11 depicts the same as Fig. 10 , but for different values of εT 0 .
t is seen that longer wave fluctuations sho w comparati vely higher
i /�r -v alues, thereby indicating dissipati ve features of the fluctua-

ions. As the K-value increases, the wave shows more propagating
ropensity; thereby decreasing the �i /�r -value. Furthermore, for
horter wav e, be yond K > 40, we see v ery slo w v ariations and stable
ropagation behaviour. It is also evident that the critical wavenumber,
 = 20, separates the fast and slow variations of the collective wave
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Figure 20. Profile of the gradient scale length of (a) real frequency ( L �r ) and (b) imaginary frequency ( L �i 
) with variation in the Jeans-normalized angular 

wavenumber ( K) for different indicated values of the magneto-thermal pressure coupling constant ( α) associated with the SWP fluctuation dynamics. The 
microphysical portrayal of the associated transitional behaviours is enlarged in the respective insets. 

Figure 21. Profile of the gradient scale length of (a) Real frequency ( L �r ) and (b) Imaginary frequency ( L �i 
) with variation in the Jeans-normalized 

angular wavenumber ( K) for different indicated values of the solar core-to-electron temperature ratio ( εT 0 ) associated with the SWP fluctuation dynamics. The 
microphysical portrayal of the associated transitional behaviours is enlarged in the respective insets. 

Figure 22. Profile of the growth per cycle ( �i /�r ) with variation in the Jeans-normalized angular wavenumber ( K) for different indicated values of the 
magneto-thermal pressure coupling constant ( α) associated with the SWP fluctuation dynamics. 
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Figure 23. Profile of the growth per cycle ( �i /�r ) with variation in the Jeans-normalized angular wavenumber ( K) for different indicated values of the solar 
core-to-electron temperature ratio ( εT 0 ) associated with the SWP fluctuation dynamics. 

Figure 24. Profile of the parametric fluctuation of different perturbed variables with variation in the Jeans-normalized angular wavenumber ( K) associated with 
the SWP fluctuation dynamics. 
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uctuations (Fig. 11 ). Moreo v er, as the εT 0 -value increases, �i /�r 

hows a decreasing propensity. It can thereby be anticipated that
he propagatory nature of the collective waves enhances with the
T 0 -value associated with the SIP fluctuation dynamics. 

In Fig. 12 , we display profile of the parametric fluctuations
f different perturbed variables with variation in K associated
ith the SIP fluctuation dynamics. This graphical presentation is
ortrayed by performing numerical analysis in equations ( 20 )–( 24 ).
he associated parametric fluctuations of the perturbed variables are

aken as M 1 /N 1 , B 

∗
az1 /N 1 , � 1 /N 1 , and � 1 /N 1 . It is interestingly seen

hat M 1 /N 1 and B 

∗
az1 /N 1 have values close to zero and hence, show

ery slo w v ariations with K . On the other hand, for longer wave
uctuations ( K < 1), � 1 /N 1 and � 1 /N 1 increase rapidly with the
-value. It is also observ ed that, be yond K = 2, all the parametric

uctuations show almost no variation with the K-values (Fig. 12 ). 
NRAS 523, 5635–5660 (2023) 

F  
Fig. 13 depicts the same fluctuation features as shown in Fig. 12 ,
ut in the extended K-space (high- K) on the logarithmic scale. As
lready analysed abo v e, it is seen that M 1 /N 1 and B 

∗
az1 /N 1 are almost

ero and hav e v ery slow variation with K . While, � 1 /N 1 and � 1 /N 1 

ncrease rapidly with K for longer waves. In this extended scale, it
s again evident that, beyond K = 2, all the parametric fluctuations
ave almost no variation with the increasing K-values. 

.2 SWP stability outcomes 

 detailed numerical analysis is performed based on the Jeans-
ormalized real frequency part ( �r ) and imaginary frequency part
 �i ) e xpressed, respectiv ely, in equations ( 32 ) and ( 33 ). It enables
s to obtain graphical profiles of the SWP stability dynamics in
igs 14 –25 . In Fig. 14 , we depict the colourspectral 4D profile of
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MNRAS 523, 5635–5660 (2023) 

Figure 25. Same as Fig. 24 , but in the extended K -space (high- K ) on the logarithmic scale. 

Figure 26. Profile of the p-mode time period (in minute) with variation in the horizontal wavelength (in km) for the different indicated values of the solar 
core-to-electron temperature ratio ( εT 0 ). 

Figure 27. Profile of the p-mode frequency (in mHz) with variation in the wavenumber (in km 

−1 ) for the different indicated values of the solar core-to-electron 
temperature ratio ( εT 0 ). 
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Figure 28. Profile of the p-mode wave frequency (in mHz) with variation in the spherical harmonic degree ( l) for the different indicated values of the solar 
core-to-electron temperature ratio ( εT 0 ) . 
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he Jeans-normalized real ( �r ) and imaginary ( �i ) frequency parts
ith the variation in the Jeans-normalized radial distance ( ξ ) and

eans-normalized angular wavenumber ( K). We show the different
oomed-in subplot corresponding to different spectral scaling. The
agneto-thermal pressure coupling constant is kept fixed here as
= 1.25. The solar core-to-electron temperature ratio is considered

s εT 0 = 10. The standard value of the normalization coefficient is
aken as a 0 = 95. It is clearly observed that in the unbounded SWP
cale, the collective waves show purely non-dispersive acoustic-like
ature. It holds a linear dispersion relationship given as �r = f ( K).
t is pertinent to add here that the fluid turbulence pressure effect
ecomes so weak in the SWP regime that it cannot employ any wave
xcitation effect in the wave propagation dynamics. It is noticeable
hat the �r -value is absolutely constant in the ξ -space for any specific

-value or wavelength. It indicates a propensity to stable oscillatory
ropagation of the SWP fluctuations, which is indeed an exact
imilar fashion observed in the bounded SIP scale. Therefore, we can
peculate herewith that the helioseismic collective oscillation modes
ssociated with the non-planar perturbation fluctuation dynamics of
he solar plasmas are scale-invariant under the quasi-hydrostatically
alanced non-local long-range GES-based force-field action. More-
 v er, it is found that the perturbation waves are more damped near
he SSB than that in the higher radial distance. It is interestingly
oticed that �i remains unchanged with the K-value (Fig. 14 ). 
In Fig. 15 , we display the profile of �i with variation in ξ for

if ferent indicated v alues of K associated with the SWP fluctuation
ynamics. It depicts the damping features of the SWP oscillations. It
s evident that �i is almost constant with K . It is found interestingly
hat, on higher ξ -scale ( ξ > 250), �i remains uniform. Hence, it
nsures a stable oscillatory mode of the collective GES perturbations
n the unbounded SWP spatiotemporal regime (Fig. 15 ). 
Fig. 16 depicts the profiles of (a) �r and (b) �i with variation in K 

or dif ferent α-v alues for the SWP fluctuation dynamics. We fix the
nput values here as a 0 = 95, εT 0 = 10, and ξ ∼ 750 for a common
pectral analysis. It is observed that, similar to the SIP collective
av es, the SWP fluctuations e xhibit a pure non-dispersiv e acoustic-

ike nature providing a linear relationship �r = f ( K). It is also
ound that in the SWP regime, �r shows a slight growth trend as α
ncreases, which is similar to that found in the SIP scale (Fig. 16 (a)).

oreo v er, it is evidently noticed that, in the SWP re gime, v ery long-
ave oscillations ( K ≤ 1 ) show higher damping rate than the shorter
NRAS 523, 5635–5660 (2023) 
nes. Beyond K = 1, the damping rate remains unchanged with K-
alue. It signifies stable GES-based oscillation modes in the SWP
cale. It is observed interestingly that, the damping rate of the SWP
uctuations increases very rapidly with α-value and vice versa. It
ignifies the stabilizing role of α on the SWP regime (Fig. 16 (b)). 

In Fig. 17 , we show the same as Fig. 16 , but for different indicated
alues of εT 0 associated with the SWP fluctuation dynamics. It is
ound that �r increases very rapidly with εT 0 (Fig. 17 (a)). It indicates
hat εT 0 plays as a strong accelerating agent for the SWP fluctuations.

oreo v er, it is seen that the shorter wave fluctuations show more
ropagatory propensity than the longer ones on the unbounded SWP
e gion. It is e xplicit that the damping rate of the collectiv e fluctuations
ecreases rapidly with enhancing εT 0 -value. It clearly indicates the
trong destabilizing role of εT 0 on the SWP fluctuation dynamics
Fig. 17 (b)). 

In Fig. 18 , we exhibit the profile structure of (a) �r and (b) �i 

ith variation in ξ for different indicated α-values associated with
he SWP fluctuation dynamics. The K-value is kept fixed here at
 = 20. It is seen that �r remains uniform in ξ -scale signifying

he stable propagation of the GES-based SWP fluctuations. It is
lso found that as the α-value increases, �r enhances indicating
ccelerating role of α (Fig. 18 (a)). Ho we ver, it is observed that for
o wer ξ -v alue, the collecti v e wav es show more damping behaviour
han higher radial distance. It is interestingly found that up to ξ ∼
10, damping rate decreases with α-value; while, for ξ ≥ 235, the
amping rate increases with increasing α and vice versa. Hence, α
lays an atypical mixed role on the damping nature of the SWP
uctuation dynamics (Fig. 18 (b)). 
Fig. 19 depicts same as Fig. 18 , but for different indicated values of

T 0 . It is seen that an enhancement in εT 0 leads to rapid increment in
r -value. It strengthens the fact that εT 0 plays as strong accelerating

gent on the SWP scale (Fig. 19 (a)). It is also noticeable that up to
= 150, the damping rate decreases rapidly with ξ ; while, for higher

-v alue, �i sho ws less variation. The damping rate decreases with
he εT 0 -value; thereby, signifying the destabilizing role of εT 0 on the
WP regime (Fig. 19 (b)). 
In Fig. 20 , we display the profile of (a) L �r 

and (b) L �i 

ith variation in K for different values of α associated with
he SWP fluctuation dynamics. The subplot shown here present
espective zoomed-in microphysical features of the collective waves
n the SWP regime. It is noticed that L � shows rapid increasing
r 
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ropensity with increasing K . It is because �r enhances rapidly 
ith K . Moreo v er, it is found that there is no significant vari-

tion in �r with α (Fig. 20 (a)). It is interestingly noticeable 
hat, in the SWP scale, for v ery long-wav e fluctuations ( K < 3 ),
 �i 

remains almost constant ( L �i 
∼ 0 ) with the variation in K .

eyond that zone, L �i 
shows increasing propensity with K . It is

ound that, for α = 0 . 5, beyond K = 1, L �i 
shows very random

ariation with K . It is also seen that L �i 
has no variation with �r 

Fig. 20 (b)). 
Fig. 21 portrays same as Fig. 20 , but for different indicated values

f εT 0 . It is found that L �r 
has no significant variation with εT 0 

Fig. 21 (a)). It is also seen that, up to K = 0 . 5, L �i 
is almost zero.

eyond this zone, L �i 
increases with the K-value. It is interestingly 

een that, beyond K = 1, L �i 
show very atypical random variation

ith K . Moreo v er, it is seen that L �i 
show almost no variation with

T 0 -value (Fig. 21 (b)). 
In Fig. 22 , we show the profile of the growth per cycle

 �i /�r ) with variation in K for different values of α associ-
ted with the SWP fluctuation dynamics. It is observed that, 
or very long-wave fluctuations, up to K = 1, the magnitude 
f �i /�r increases very rapidly with K-value. It signifies dis- 
ipative nature of the collective GES-based fluctuations on the 
WP scale. Beyond this zone, �i /�r decreases with K-value 

ndicating propagatory propensity of the fluctuations. It is found 
hat, beyond K = 10 , �i /�r has no significant variation with 

. Moreo v er, it is also noticeable that, for longer waves, the
agnitude of �i /�r increases with α. Hence, we can speculate 

hat, similar to the SIP scale, in the SWP regime, the dissipa-
ive nature of the collectiv e wav es enhances with the α-value
Fig. 22 ). 

Fig. 23 depicts the same as Fig. 22 , but for dif ferent v alues of
T 0 . It is seen that, up to K = 1, the magnitude of �i /�r increases
ery rapidly with K-value indicating dissipative nature of the SWP 

ollectiv e fluctuation dynamics. Be yond that zone, �i /�r decreases 
ith K; thereby signifying propagatory propensity of the GES- 
ased fluctuations. It is observed that, for K > 10, �i /�r shows
o significant variation with K . Moreo v er, it is noticed that the
agnitude of �i /�r decreases with εT 0 -value. Hence, it can be 

nticipated herewith that, similar to the SIP scale, on the SWP 

one, the propagatory nature of the collective waves and fluctuations 
nhances with the εT 0 -value (Fig. 23 ). 

In Fig. 24 , we display profile of the parametric fluctuations of
ifferent perturbed variables with variation in K associated with 
he SWP fluctuation dynamics. This graphical depiction is obtained 
y performing numerical analysis on perturbed SWP go v erning 
quations. The associated parametric fluctuations of the perturbed 
ariables are taken as M 1 /N 1 , B 

∗
az1 /N 1 , and � 1 /N 1 . It is interestingly

een that, M 1 /N 1 is very close to zero and hence, has very slow
ariations with K on the SWP zone. B 

∗
az1 /N 1 remains almost 

nchanged, with value near to 1, with the K-value. It is also observed
hat � 1 /N 1 also has very slo w v ariation with K . It is interestingly
een that, beyond K = 1, there is no significant variation of the
arametric fluctuations with K (Fig. 24 ). 
Fig. 25 portrays the same fluctuation features as shown in Fig. 24 ,

ut in the extended K-space (high- K) on the logarithmic scale. It
s seen that, for long wave fluctuation, M 1 /N 1 shows significant 
ariation with K . B 

∗
az1 /N 1 has value close to zero and hence it shows

o variation with the K-value. Moreo v er, it is seen that, for K < 0 . 5,
 1 /N 1 increases rapidly with an enhancement in K . It is found

nterestingly that, beyond K = 2, the parametric fluctuations show 

lmost no variation with the increasing K-values (Fig. 25 ). 

G  
.3 Atypical illustrated p-mode feature 

fter performing judicious dispersion analyses on the SIP scale 
via equation 26 ), we investigate the p-mode oscillation charac- 
eristics of the helioseismic waves found near the SSB regime. 

e graphically illustrate the p-mode oscillations characteristics as 
ortrayed in Fig. 26 –28 . In Fig. 26 , we see the dimensional profile of
he helioseismic p-mode time period (in minute) with variation in the
orizontal wavelength (in km) for the different indicated values of 
T 0 . It is found interestingly that, the time period increases with the
orizontal wavelength, indicating stable p-mode oscillations near the 
SB. Moreo v er, it is speculated that the modal time period decreases
ith an increase in εT 0 and vice versa. It hereby enables us to infer

hat εT 0 acts as an accelerating agent towards the propagation of 
he collective solar plasma waves and oscillations in the regions 
ear the vicinity of the SSB (Fig. 26 ). It is noteworthy that these
nv estigated div ersified p-mode characteristic features, particularly 
n the wavelength-period correlation, are in good agreement with the 
tandard helioseismic observations made with different astronomic 
echniques reported previously in the literature (Deubner 1975 ; 
hodes et al. 1977 ; Leibacher et al. 1985 ; Demarque & Guenther
999 ; Stix 2002 ). 
As in Fig. 27 , we depict the profile of the helioseismic modal

-mode frequency (in mHz) with variation in the wavenumber 
in km 

−1 ) for different indicated values of εT 0 . It is seen that the
odal frequency shows increasing tendency with an enhancement 

n the wavenumber signifying stable propagatory propensity of p- 
ode oscillations near the SSB region. Furthermore, it is observed 

hat the collective frequency very rapidly increases with the εT 0 - 
alue and vice versa. It explicitly indicates the accelerating role 
f the temperature on the helioseismic p-mode fluctuation dynamics 
Fig. 27 ). It is pertinent to add here that these diversified speculations
f the wa venumber -frequency features of the p-mode oscillations go
airly in accordance with several solar observations already reported 
n the literature (Deubner 1975 ; Rhodes et al. 1977 ; Demarque &
uenther 1999 ; Stix 2002 ). 
In Fig. 28 , we similarly portray the same as shown in Fig. 27 ,

ut with the variation in the spherical harmonic degree ( l). The
egree l of the spherical surface harmonic gives the total number
f node circles on the assumed sphere enclosing the solar interior
lasma volume. The relationship between the spherical harmonic 
egree ( l) and the horizontal modal wavenumber ( k h ) is cast in
 usual form as k h R � = [ l( l + 1 ) ] 1 / 2 . Hence, we can approximate
s, l � k h R � (Christensen-Dalsgaard 2002 ; Stix 2002 ; Ambastha
020 ). Applying this relation, one can obtain the graphical depiction,
s displayed in Fig. 28 . It is observed that, the p-mode collective
requency increases with the l-value, ensuring stable oscillations 
ear the SSB vicinity. The rest of the modal features are closely
he same as already illustrated in Fig. 27 . It hereby validates the
eliability of our GES-based helioseismic calculation scheme going 
n fair consistency with the previous in situ observational predictions 
vailable in the literature (Deubner 1975 ; Demarque & Guenther 
999 ; Kosovichev 1999 , 2006a ; Christensen-Dalsgaard 2002 ; Stix
002 ; Hansen et al. 2004 ; Gizon & Birch 2005 ; Ambastha 2020 ). 
In a special case of reduced plane parallel geometry ( ξ → ∞ ,

lanar), our spherical ( ξ � ∞ , non-planar) analysis shows a fair
orroboration with the previously reported planar investigation 
ounded on the same GES-based solar plasma direction (Gohain 
 Karmakar 2018 ). It shows a unique feature of the proposed GES-

ased theory against the diversified sheath formalisms available in the 
iterature (Formisano et al. 1973 ; Fairfield 1976 ; Mozer et al. 1978 ;
ravier et al. 2000 ; Yamada et al. 2000 ; Cooling et al. 2001 ; Oksuz
MNRAS 523, 5635–5660 (2023) 
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 Hershkowitz 2005 ; Ale xandro va et al. 2006 ; Langner et al. 2006 ;
han et al. 2007 ; Richardson et al., 2008 , 2022 ; Siscoe & Odstrcil
008 ; Lazarian & Opher 2009 ; Richardson & Wang 2010 ; Schoeffler
t al. 2011 ; Wang et al. 2012 ; Petrinec 2013 ; Robertson 2013 ; Lyatsky
t al. 2016 ; Chowdhury et al. 2017 ; Chasapis et al. 2018 ; Macek et al.
018 ; Rout et al. 2018 ; Janvier et al. 2019 ; Shaikh et al. 2020 ; Ala-
ahti et al. 2021 ; Sow Mondal et al. 2021 ). An e xtensiv e comparison
f the salient parametric features of the modified GES structures
f current concern (Dwivedi et al. 2007 ; Karmakar & Dwivedi
011 ; Goutam & Karmakar 2015 ; Das & Karmakar 2022 ; Sarma
 Karmakar 2022 ) against various other sheath (non-GES) patterns

ased on our integrated conceptional fabric for the sake of instant
eference is briefly given in Appendix C . 

As a quantitative comparison towards authenticity of our work,
ne can see that the group velocity of our investigated bulk acoustic
ave (p mode) is estimated graphically as v g = 1 . 7 × 10 5 m s −1 .
he supported normal wave (Alfv ́en mode) in the solar atmosphere
as already been observationally reported with spectroscopic method
o propagate with a group velocity of v g ∼ 1 × 10 5 − 3 × 10 5 m s −1 

Hollweg 1978 ; Berghmans & Clette 1999 ; Sakurai et al. 2002 ; Marsh
t al. 2003 ; De Pontieu et al. 2005 ; McEwan & De Moortel 2006 ;
ntolin & Shibata 2010 ; Raouafi et al. 2023 ). This fair velocity
atching on the normal bulk acoustic footing from our analysis

uantitatively with the results reported in the literature obviously
oosts up the reliability of our proposed GES-based theoretic analysis
n a simplified way, and so forth. 

The different stabilizing and destabilizing agents of physical
mportance studied in our current investigation are summarily given
n Appendix D . 

A synoptic highlight of different zone-wise solar plasma charac-
eristic features drawn on the e xcited div ersified collectiv e wav es and
scillations investigated in our analyses is concisely provided in a
abular form in Appendix E . 

 C O N C L U S I O N S  

n conclusive summary, our theoretic study reports a detailed qualita-
i ve, quantitati ve, and comparati ve analysis of the helioseismic fluc-
uation dynamics of solar plasma system founded on the GES model
ramework on the Jeansean spatiotemporal scales. It incorporates
he combined action of fluid turbumagnetic pressure, geometrical
urv ature ef fect, and magneto-thermal coupling action for the first
ime. A spherical mode analysis is carried out o v er the solar
o v erning equations of both the self-gravitationally confined solar
lasma (SIP) and its wide-range unbounded atmosphere (SWP). A
etailed numerical illustrative analysis characterizes the GES-based
olar plasma fluctuation dynamics by introducing a unique pair of
eneralized quadratic dispersion relations (equations 25 and 31 ). It is
nterestingly found here that, the GES-based helioseismic collective
uctuations not only depend on the radial position coordinate ( ξ );
ut, affected noticeably by the solar core-to-electron temperature
atio ( εT 0 ) and the magneto-thermal pressure coupling constant
 α). A detailed numerical analysis to reveal different colourspectral
rofiles (Figs 2 –28 ) is systematically carried out to depict our non-
lanar constructive analysis based on a standard scale-free Jeansean
alculation scheme founded on the GES model formalism. We infer
hat the longer wa ve (gra vitational-like) fluctuations are considerably
ispersi ve, thereby sho wing more propagatory propensity than the
horter ones (acoustic-like) on the SIP scale (Figs 2 –7 ). In contrast,
n the SWP regime, the shorter waves become more propagatory than
he longer ones (Figs 14 –19 ). It is also observed that the damping
eatures of the collective fluctuations is much more prominent
NRAS 523, 5635–5660 (2023) 
ear the solar core (Fig. 3 ). Hence, the damping behaviour of the
ES-based fluctuations is more explicitly pronounced on the self-
ravitational (SIP) scale (Fig. 3 ) against the acoustic (SWP) scale
Fig. 15 ). These damping or dissipation processes take place due
o the strong influence of the conjoint inhomogeneity effect of the
ackground solar plasmas and solar magnetic field. In our analyses,
t is speculated that α plays as a stabilizer (accelerating agent) on
he SIP scale (Fig. 6 ); while, on the SWP scale it shows a mixed
ole of atypical nature (Fig. 18 ). Besides, εT 0 plays as a destabilizer
accelerating agent) on both the solar spatiotemporal scales (Figs 7
nd 19 ). 

It is pertinent to add here that the quasi-linear inter-coupling
ehaviour of the gravitational ( K → 0) and the acoustic ( K → ∞ )
uctuations theoretically investigated here gives an exact confirma-

ion with the previously reported planar results (Gohain & Karmakar
018 ). Thus, our non-planar analysis could hereby provide a vali-
ated reliability to carry out further analyses of the GES-based solar
lasma fluctuation dynamics in this emerging helioseismic direction
f future astroplasmic interest from a new viewpoint of plasma-wall
nteraction mechanism. 

By studying the frequencies and sound speeds of the helioseismic
odes, we can infer diverse solar interior characteristic parameters.
he major potential applications of the proposed helioseismic anal-
ses in light of the existing solar literatures (Demarque et al. 1994 ;
emarque & Guenther 1999 ; Christensen-Dalsgaard 2002 ; Hansen

t al. 2004 ; Aschwanden 2014 ; Ambastha 2020 ; Aerts 2021 ) could
e given as follows: 

(1) Theoretical supports to the basic postulates of stellar evolution
heory. 

(2) Determination of the age of the Sun by helioseismic means as
 chronological probe. 

(3) Probing the depth of the solar convection zone by means of
coustic speed inversion method as special functions of its vertical
epth. 
(4) Understanding the solar internal rotation profile. 
(5) Detailed probing of the superadiabatic transition layer near the

olar surface. 
(6) Understanding the solar interior morphodynamics including

he deduction of the solar density and temperature profile patterns. 
(7) Helioseismic determination of the relative abundance of he-

ium and heavier elements in the entire solar plasma system. 
(8) Accurate measurement ( in situ ) of the solar interior magnetic

eld strength. 
(9) Evaluating multipole moments of the solar gravitational poten-

ial (quadrupole and higher order moments) by means of helioseismic
oscillation) inversion techniques. 

(10) Exploring the G-variability cosmological theory of large-
cale structure formation. 

(11) Verifying the nature of sterile neutrinos and other potential
ark matter candidates modifying the helioseismic mode fluctuation
haracteristics noticeably. 

Our theoretical predictions proposed in this model show fair
imilarities with many of the astronomical observations reported in
he solar literature (Ulrich 1970 ; Leibacher et al. 1985 ; Harv e y et al.
996 ; Hill et al. 1996 ; Demarque & Guenther 1999 ; Christensen-
alsgaard 2002 ; Hansen et al. 2004 ; Thompson 2004 ; Chen &
riest 2006 ; Kosovichev 2006a , 2006b ; Litvinenko & Chae 2017 ;
uckenfield et al. 2021 ; Griffiths et al. 2023 ). A concise glimpse of

hese conformities is highlighted in a tabular form in Appendix F . 
It is well-known that the magnetic reconnection spontaneously

akes place in the solar corona and the entire solar plasma system ir-
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espective of scales (Priest 2014 ). It develops when distinct magnetic 
ux systems interact with one another or new flux emerges from
eneath the photosphere. This magnetic reconnection mechanism 

lays a crucial role in the initiation and evolution of myriad solar
ruption phenomena, such as the solar flares, coronal mass ejections, 
nd so forth (Priest 2014 ). We admit herein summarily that all such
henomena driven by magnetic reconnection processes are silent 
n our proposed GES-based theoretical analysis for the sake of 
athematical simplicity. It hereby opens a new scope for future 

efinement of the GES theory and its practical application in this
irection of solar plasma research interest. 
It is noteworthy further that the entire solar plasma system 

ho ws excessi ve temperature anisotropy in nature with respect to 
he ambient magnetic field (Sarfraz et al. 2022 ; Yoon et al. 2022 ).
his e xcessiv e transv erse temperature anisotropies yield a significant 
rowth of both electron-cyclotron and electro-mirror instability 
Sarfraz et al. 2022 ) as well as proton-cyclotron and proton-mirror
nstability (Yoon et al. 2022 ) in such space plasmas. We can anticipate 
hat, a realistic refinement of the GES model with the inclusion of
he velocity momentum-based quasi-linear theory characterized by 
he velocity and temperature anisotropy of the plasma constitutive 
pecies could be a significant futuristic solar plasma problem. 

It is widely known that diversified inertial modes, excited in the 
otating structures due to the action of Coriolis restoring force, 
lay an important role in redistributing angular momentum and 
he y are sensitiv e to parameters such as turbulent viscosity, entropy
radient etc. (Gizon et al. 2021 ; Hanson et al. 2022 ; Triana et al.
022 ; Bhattacharya & Hanasoge 2023 ). This Coriolis force could be
odified by internal magnetic fields, gravity or compressibility, and 

o forth. Different inertial modes, such as the Rossby waves (arising
rom Coriolis rotational effects), magneto-Rossby waves (arising 
rom the coupling between Coriolis force and magnetic field), 
ossby-gra vity wa ves or Yanai wa ves (arising from the coupling
etween Coriolis force and the gra vity), ha ve already been reported
o exist in the solar plasma system (Gizon et al. 2021 ; Hanson et al.
022 ; Triana et al. 2022 ). A thorough investigation and exhaustive
haracterization of diversified solar inertial modes excited in the solar 
lasma environs holds the promise of providing novel diagnostic 
apability and physical insight to probe the solar subsurface structure 
nd morphological dynamics through the appropriate process of 
elioseismic data analyses. 
Like the geoseismology, the measuring of travel times and dis- 

ances of individual acoustic waves in solar plasmas is an important 
eature yet to be well explored (Duvall et al. 1993 ; Stix 2002 ;
mbastha 2020 ). The study of the time-distance helioseismology 

s a local helioseismology technique which could enable us to probe 
he helioseismic studies of the local phenomena, such as subsurface 
nhomogeneities near sunspots and also help to refine global models 
f the interior rotational rates and meridional flow velocities in the 
un (Duvall et al. 1993 ; Zhao 2008 ). Hence, in the future, considering

he time-distance helioseismology, our model could be further refined 
or better understanding of the solar interior structures and the plasma 
ow dynamics beneath the sunspots in this solar plasma research 
irections (Duvall et al. 1993 ; Zhao 2008 ; Ambastha 2020 ). 
The high-resolution solar observations and determination of the 

tellar fundamental parameters, such as the mass, radius, age, etc., 
ead to de velop dif ferent sophisticated diagnostic tools, among 
hich helioseismic inversion method plays a key role (Christensen- 
alsgaard 2002 ; Buldgen et al. 2022 ). Helioseismic inversion tech- 
iques have been revealed to infer localized internal structure and 
ynamics of the Sun, including its interior rotational properties, from 

bserved frequencies of solar oscillations and acoustic travel times. 
oreo v er , in version of the frequencies and travel times of collective
olar helioseismic oscillations could enable us to obtain information 
bout the solar thermodynamics and magnetic properties. It is an 
mportant element for understanding the solar constitution and evo- 
ution processes (Kosovichev 1999 ). Using appropriate helioseismic 
nversion tools, our model could provide a better insight in future to
nfer solar subsurface dynamics. 

Our solar model is purely based on the absolute universality 
f the Newtonian gravitational coupling constant ( ∂ t G = 0 ). It is 
eported in the literature that only the solar model predictions 
onstructed under the assumption of ∂ t [ ln ( G ) ] ∼ 10 −12 yr −1 are 
onsistent with various astronomical observations of the helioseismic 
odes available in the literature (Guenther et al. 1998 ). It hereby

pens a new scope to validate the consistency and correlation of
he proposed GES-based analysis from the Newtonian gravitational 
iewpoint. Further investigations with the post-Newtonian gravita- 
ional formalisms are left here for a future course of studies. 

It has recently been confirmed observationally that a wide spec- 
rum of collective oscillatory phenomena, including coronal-loop 
aves within the solar corona, is dominated by the 5-min oscillation
echanism, which is, indeed, attributable purely to the solar p modes

s their potential source (Hindman & Jain 2008 ; Felipe & Khomenko
017 ); thereby, broadening the applicability of our analysis to see
he coronal-loop wave dynamics from a plasma-wall interaction view 

oint. 
It is widely known that Einstein’s general relativity (GR) is 

 xtensiv ely applicable to e xplain div erse astrophysical phenomena at
olar system scale as well as at larger scale, such as clusters, galaxies,
tc. (Pani et al. 2011 ; Cerme ̃ no et al. 2019 ). Later, Eddington-inspired
heories become reliable and enduring descendent to Einstein’s 
ravity (Pani et al. 2011 ). These Eddington-inspired modified gravity 
heories are well-known to cause strong modifications in the entire 
olar structure (Casanellas et al. 2012 ). It immensely affects the
volution and the equilibrium structure of the self-gravitating sun 
nd provides modified core temperature and acoustic mode profiles 
Casanellas et al. 2012 ). In this context, the modern formulation
f Eddington-inspired-Born-Infeld (EiBI) theory is e xtensiv ely e x- 
lored to present no v el modified gravitational description of self-
ravitating astrophysical spatiotemporal scales, such as the solar 
nterior structure (Ba ̃ nados & Ferreira 2010 ; Casanellas et al. 2012 ;
ang et al. 2023 ). Thus, in our solar plasma model, the EiBI

heory could be taken fruitfully to explain solar plasma dynamics 
n the light of the post-Newtonian formalism of modern gravitational 
cenario. Besides, investigation of the magnetoactive solar wind 
urbulence properties in the multifractal perspective sourced in long- 
ange interspecies correlation effects could be an effective study in 
his context for a better understanding of the entire solar plasma
ystem and helioseismic collective wave-phenomenological features 
Gomes et al. 2023 ). 

At this backdrop, we can finally speculate herewith that a futuristic
efinement of our model could be implemented in the light of
he abo v e-mentioned scenarios of current interest. Also, a better
orrelation and consistency could be tentatively bridged between 
he theoretical predictions founded on our proposed GES-model 
ramework and the relevant observational solar data studied by 
arious ongoing and as well as future solar missions (Kasper et
l. 2021 ; Vidotto 2021 ). It is pertinent to add here that various
eliable astronomical data by the in situ instruments present in 
if ferent acti ve spacecrafts, such as NASA-operated Wind, Advanced 
omposition Explorer (ACE), STEREO, SDO, PSP; and SOHO, 
olar Orbiter (SolO) jointly operated by NASA-ESA (Cohen et 
l. 2021 ; Kellogg 2022 ) could be justifiable to corroborate our
MNRAS 523, 5635–5660 (2023) 
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heoretic investigations paving the way for further futuristic research
cope in this emerging helioseismic direction of solar plasma-wall
nteraction interest. Various payloads onboard Indian Space Research
rganisation (ISRO) operating upcoming solar mission, Aditya-L1,

re expected to provide reliable multidirectional observations for
onceiving major long-lying inaccessible solar plasma problems yet
o address well in the future in the current helioseismic fabric (Seetha
 Megala 2017 ; Mayank et al. 2022 ). 
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re highlighted as follows: 

Physical parameter 

Electron mass 
Ion mass 
Electron charge 
Ion charge 
Electron temperature 
Ion temperature 
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ed astrophysical normalization scheme for solar plasma description

Symbol Magnitude 

m e 9 . 31 × 10 −31 kg 
m i 1 . 67 × 10 −27 kg 

q e = −e − 1 . 6 × 10 −19 C 

q i = + e + 1 . 6 × 10 −19 C 

T e 10 2 eV 

T i 10 eV 

T 0 10 3 eV 

ω J = c s /λJ 10 −3 s 
a 0 = GM �/c 2 s λJ 95 

G 6 . 67 × 10 −11 m 

3 kg −1 s −2 

M � 2 × 10 30 kg 
α = B 

2 
0 /μ0 n 0 T e = 2 /β Subcritical ( ∼ 10 −16 ) 

= 2 μ0 n 0 T e /B 

2 
0 = 2 /α Hypercritical ( ∼ 10 16 ) 

L I Z AT I O N  SCHEME  

 typical values of the respective normalizing parameters in all the

alizing parameter Magnitude 

ans length ( λJ ) 3 . 1 × 10 8 m 

ans time ( ω 

−1 
J ) 10 3 s 

n SIP density ( n 0 ) 10 30 m 

−3 

d phase speed ( c s ) 3 . 1 × 10 5 m s −1 

ase speed squared ( c 2 s ) 9 . 5 × 10 10 m 

2 s −2 

al potential ( T e /e ) 10 2 J C 

−1 

IP magnetic field ( B 0 ) 10 −4 T 
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APPENDIX  C :  C O M PA R I S O N  O F  G E S  WITH  OTH ER  SHEATHS  

A broad comparison of the active saliant parametric features of the GES structures against the existing various other sheath (non-GES) patterns 
based on our integrated conceptional understanding for the sake of instant visualization of its readers is presented as follows: 

S No Item Laboratory sheath Magnetosheath Heliosheath ICME sheath GES 

1 Degree of neutrality Non-neutral Quasi-neutral Quasi-neutral Quasi-neutral Quasi-neutral 
2 Bohm criterion Yes NA NA NA Yes, equi v alently 
3 Value of Mach 

number 
M > 1 M ≥ √ 

2 M ≥ √ 

2 M ≥ √ 

2 M ≥ √ 

2 

4 Existential scale Debye length Solar radial length Solar radial length Solar radial length Jeans scale length 
5 Thermal stability More Less Very less Less Under investigation 
6 Eigenmodes Acoustic mode 

(heavy) 
Alfv ́en Alfv ́en Alfv ́en GES-modes 

7 Formalism Kinetic and fluid Kinetic and fluid Kinetic and fluid Kinetic and fluid Fluid only 
8 Turbulence effect NA Yes Yes Yes Yes 
9 Magnetic field Absent Present Present Present Present 
10 MHD applicability No Yes Yes Yes No 
11 Electron energy 2 . 00 − 3 . 00 eV 1 . 00 × 10 2 −

2 . 00 × 10 2 eV 

1 . 00 × 10 eV 4 . 00 × 10 2 keV 1 . 00 × 10 2 eV 

12 Temperature 1 . 00 × 10 4 K 1 . 00 × 10 6 K 1 . 00 × 10 5 K 1 . 00 × 10 9 K 1 . 00 × 10 6 K 

13 Gravitothermal 
coupling 

Unexplored Unexplored Unexplored Unexplored Explored 

14 Effect of collision Pressure dependent Weakly collisional Collisionless Collisionless Collisionless 
15 Thermostatistical 

distribution law 

Maxwellian Non-Maxwellian Non-Maxwellian Non-Maxwellian Both Maxwellian and 
non-Maxwellian 

16 Extensivity/Non- 
extensivity 

features 

Extensive Non-e xtensiv e Non-e xtensiv e Non-e xtensiv e Non-e xtensiv e 

17 q-entropy q → 1 q < 1 
(supere xtensiv e) 

q < 1 q < 1 q < 1 

q > 1 (sube xtensiv e) q > 1 q > 1 q > 1 
18 Transonic width Subsonic Supersonic Supersonic Supersonic Subsonic 
19 Plasma density 1 . 00 × 10 7 cm 

−3 1 . 00 × 10 cm 

−3 1 . 00 × 10 −3 cm 

−3 1 . 00 × 10 2 cm 

−3 1 . 00 × 10 30 cm 

−3 

20 Effect of gravity Microgravity 
(Newtonian) 

External gravity 
(Newtonian) 

External gravity 
(Newtonian) 

External gravity 
(Newtonian) 

Self-gravity 
(non-Newtonian) 

21 Effect of dust 
presence 

Yes Yes Yes Yes Yet to be reported 

22 Effect of background 
wind 

NA Yes (Solar wind) Yes (Solar wind) Yes (Solar wind) NA 

23 Propagatory feature No No No Yes No 
24 Expansive feature Yes Yes Yes No Yet to be explored 
25 Electric field strength 1 . 00 × 10 −2 V m 

−1 1 . 00 × 10 −3 V m 

−1 1 . 00 × 10 −6 −
1 . 00 × 10 −5 V m 

−1 
1 . 00 × 10 −3 V m 

−1 − 1 . 00 × 10 −7 V 

m 

−1 

26 Magnetic field 
strength 

4 . 00 × 10 13 nT 1 . 00 × 10 nT 1 . 00 × 10 −1 nT 5 . 00 × 10 nT 1 . 00 × 10 5 nT 

27 Effect of magnetic 
field 

Insignificant in 
longitudinal direction 

Significant in 
transverse direction 

Unexplored Sheath thickness is 
affected 

SSB expansion 

28 Magneto-thermal 
pressure coupling 

Unexplored Unexplored Unexplored Unexplored Stabilizes plasma 
fluctuation 

29 Current density 1 . 00 × 10 6 A m 

−2 1 . 50 × 10 −6 A m 

−2 1 . 15 × 10 2 A m 

−2 7 . 00 × 10 −9 A m 

−2 6 . 34 × 10 17 A m 

−2 

30 Divergence-free 
current 

Unexplored Unexplored Unexplored Unexplored Find everywhere 
except SSB 

31 Bulk velocity at 
sheath entrance 

≥ c s 4 . 50 × 10 2 km s −1 1 . 50 × 10 2 km s −1 4 . 50 × 10 2 −
1 . 00 × 10 3 km s −1 

3 . 00 × 10 −5 km s −1 

32 Skin depth 5 . 30 m 5 . 30 × 10 4 m 7 . 20 × 10 6 m 7 . 20 × 10 4 m 5 . 70 × 10 −11 m 
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APPEN D IX  D :  DIFFERENT  STABILIZER  A N D  DESTABILIZER  PA R A M E T E R S  

A concise summary of the various stabilizing and destabilizing agents investigated in our study can be presented in a tabular form as follows: 

S No Parameter SIP SWP 

1 Magneto-thermal pressure coupling constant Stabilizer (accelerating agent) Mixed 
2 Plasma- β parameter Destabilizer (decelerating agent) Mixed (accelerating agent) 
3 Magnetic field Stabilizer (accelerating agent) Mixed (accelerating agent) 
4 Temperature Destabilizer (accelerating agent) Destabilizer (accelerating agent) 
5 Equilibrium number density Destabilizer (decelerating agent) Mixed (decelerating agent) 

APPEN D IX  E:  SPATIAL  WAV E  FEATURES  

An itemized synopsis of the different characteristic features of the diverse collective waves and oscillations found in different solar plasma 
zones can be summarily portrayed as follows: 

Wave type Item Solar plasma region 
SIP ( ξ < 3 . 5) SSB ( ξ = 3 . 5 ) SWP ( ξ > 3 . 5 ) 

Long-wavelength 
(Gravitational) 

Propagating nature Very propagatory Very less propagatory Non-propagatory 

Dispersive nature Dispersive Non-dispersive Non-dispersive 
Damping nature Less damped Less damped Very less damped 

Short-wavelength (Acoustic) Propagating nature Non-propagatory More propagatory Very propagatory 
Dispersive nature Non-dispersive Non-dispersive Non-dispersive 
Damping nature More damped Less damped Less damped 
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APPENDIX  F:  O U R  RESULTS  IN  SUPPORT  O F  ASTRONOMI C  OBSERVATI ONS  

A comprehensive glimpse of our investigated results in support of the previously reported diverse astronomic observations in the helioseismic 
backdrop may be highlighted as follows: 

S No Item SSM prediction Our prediction Remark 

1 Group velocity of bulk acoustic 
mode (at SSB) 

100 − 300 km s −1 170 km s −1 Our results give the mean modal 
velocity which fairly matches with 
diverse astronomic observations 

2 Frequency ( ν)-wavenumber ( k) 
relation 

ν ≈ 1 . 5 − 32 mHz with 
0 ≤ k ≤ 1 

ν ≈ 1 . 5 − 32 mHz with 
0 ≤ k ≤ 1 

Our results go fairly in 
accordance with diverse 
astronomic observations 

3 Time period ( T )-wavelength ( λ) 
relation 

T ≈ 0 − 5 min with 
0 ≤ λ ≤ 30000 km 

T ≈ 0 − 6 min with 
0 ≤ λ ≤ 30000 km 

Our analyses go fairly in 
accordance with observations 

4 Frequency ( ν)-spherical harmonic 
degree ( l) relation 

ν ≈ 1 . 5 − 5 mHz with 
0 ≤ l ≤ 150 

ν ≈ 1 . 5 − 5 mHz with 
0 ≤ l ≤ 150 

Our results fairly match with 
astronomic observations 

5 Group velocity of bulk acoustic 
mode with temperature 

Increases with temperature Increases with temperature but 
less rapidly 

Our results show similarity with 
diverse observations 

6 Propagation with temperature Become more propagatory as 
temperature increases 

Become more propagatory as 
temperature increases on both the 

scales 

Our results are reliable on the 
grounds of diverse astronomic 

observational data 
7 Modal damping with temperature Sound waves show less damping 

propensity with increasing 
temperature 

Waves show less damping 
propensity with increasing 
temperature on both scale 

Our results support previous 
observational predictions 

8 Group velocity of bulk acoustic 
mode with magnetic field 

Direct proportional to magnetic 
field 

Increases with magnetic field but 
very less rapidly 

In accordance with various 
observational data 

9 Group velocity of bulk acoustic 
mode with plasma number density 

Inversely proportional to square 
root of plasma number density 

Decreases with plasma number 
but very less rapidly 

Qualitative similarities with 
previous observational predictions 

10 Modal propagation at SSB Shorter waves are more 
propagatory than longer waves 

near SSB 

Qualitatively same Our investigations are supported 
by previous astronomic 

observations 
11 Non-dispersion at SSB Waves show non-dispersive 

tendency near SSB 

Waves become non-dispersive at 
SSB 

It is as per diverse astronomic 
observations 

12 Modal propagation near core Longer waves are more 
propagatory than shorter waves 

near core 

Qualitatively same Our results show similarities with 
observations 

13 Intense dispersion near core Waves become dispersive near 
core 

Waves show more dispersive 
behaviour near the core 

Our results match with various 
observational data 

14 Dispersion-wavelength variation 
near the core 

Longer waves are more dispersive 
than shorter ones core-wards 

Qualitatively same Our analyses are reliable with 
observational support 

15 Propagation in SWP Shorter waves are more 
propagatory than the longer waves 

Shorter waves are more 
propagatory than longer waves 

Our results match fairly with 
observations 

16 Dispersion-wavelength variation 
at SWP 

Dispersive for long-wavelength 
and non-dispersive for 

short-wavelength 

Qualitatively same Our results show fair 
corroboration with observations 

17 Modal damping with wavelength 
in SWP 

Shorter acoustic waves are very 
strongly damped 

Shorter waves show more 
damping propensity than the 

longer ones 

Our analyses are in fair agreement 
with previously reported solar 

observations 
18 Modal damping with magnetic 

field 
Magnetic field leads to rapid 
damping of magnetoacoustic 

waves 

Increasing magnetic field 
stabilizes SIP fluctuations 

Our results match with 
astronomic observations 

19 Modal damping with plasma- β
parameter 

Increase in plasma- β lessens 
damping rate (destabilizing agent) 

Increasing plasma- β destabilizes 
SIP fluctuations 

Our predictions are 
astronomically fairly supported 

20 Modal damping with plasma 
population density 

Damping rate decreases with 
plasma number density 

Solar plasma destabilizes with 
increasing plasma number density 

Our analyses fairly corroborate 
with previously reported 
astronomic observations 
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